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This important study introduces a fully differentiable variant of the Gillespie algorithm as an approx-
imate stochastic simulation scheme for complex chemical reaction networks, allowing kinetic param-
eters to be inferred from empirical measurements of network outputs using gradient descent. The
concept and algorithm design are convincing and innovative. While the proofs of concept are prom-
ising, some questions are left open about implications for more complex systems that cannot be
addressed by existing methods. This work has the potential to be of significant interest to a broad
audience of quantitative and synthetic biologists.

Abstract The Gillespie algorithm is commonly used to simulate and analyze complex chem-

ical reaction networks. Here, we leverage recent breakthroughs in deep learning to develop a

fully differentiable variant of the Gillespie algorithm. The differentiable Gillespie algorithm (DGA)
approximates discontinuous operations in the exact Gillespie algorithm using smooth functions,
allowing for the calculation of gradients using backpropagation. The DGA can be used to quickly
and accurately learn kinetic parameters using gradient descent and design biochemical networks
with desired properties. As an illustration, we apply the DGA to study stochastic models of gene
promoters. We show that the DGA can be used to: (1) successfully learn kinetic parameters from
experimental measurements of MRNA expression levels from two distinct Escherichia coli promoters
and (2) design nonequilibrium promoter architectures with desired input—output relationships. These
examples illustrate the utility of the DGA for analyzing stochastic chemical kinetics, including a wide
variety of problems of interest to synthetic and systems biology.

Introduction

Randomness is a defining feature of our world. Stock market fluctuations, the movement of particles
in fluids, and even the change of allele frequencies in organismal populations can all be described
using the language of stochastic processes. For this reason, disciplines as diverse as physics, biology,
ecology, evolution, finance, and engineering have all developed tools to mathematically model
stochastic processes (Van Kampen, 1992; Gardiner, 2009; Rolski et al., 2009; Wong and Hajek,
2012). In the context of biology, an especially fruitful area of research has been the study of stochastic
gene expression in single cells (McAdams and Arkin, 1997, Elowitz et al., 2002; Raj and van Oude-
naarden, 2008; Sanchez and Golding, 2013). The small number of molecules involved in gene
expression make stochasticity an inherent feature of protein production and numerous mathematical
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and computational techniques have been developed to model gene expression and relate mathemat-
ical models to experimental observations (Paulsson, 2005; Wilkinson, 2018).

One prominent computational algorithm for understanding stochasticity in gene expression is the
Gillespie algorithm, with its Direct Stochastic Simulation Algorithm variant being the most commonly
used method (Doob, 1945; Gillespie, 1977). The Gillespie algorithm is an extremely efficient compu-
tational technique used to simulate the time evolution of a system in which events occur randomly
and discretely (Gillespie, 1977). Beyond gene expression, the Gillespie algorithm is widely employed
across numerous disciplines to model stochastic systems characterized by discrete, randomly occur-
ring events including epidemiology (Pineda-Krch, 2008), ecology (Parker and Kamenev, 2009;
Dobramysl et al., 2018), neuroscience (Benayoun et al., 2010, Rijal et al., 2024), and chemical
kinetics (Gillespie, 1976; Gillespie, 2007).

Here, we revisit the Gillespie algorithm in light of the recent progress in deep learning and differen-
tiable programming by presenting a ‘fully differentiable’ variant of the Gillespie algorithm we dub the
differentiable Gillespie algorithm (DGA). The DGA modifies the traditional Gillespie algorithm to take
advantage of powerful automatic differentiation libraries for example, PyTorch (Paszke et al., 2019),
Jax (Bradbury et al., 2018), and Julia (Bezanson et al., 2017) and gradient-based optimization. The
DGA allows us to quickly fit kinetic parameters to data and design discrete stochastic systems with
a desired behavior. Our work is similar in spirit to other recent work that seeks to harness the power
of differentiable programming to accelerate scientific simulations (Liao et al., 2019; Schoenholz and
Cubuk, 2020; Wei et al., 2019; Degrave et al., 2019; Arya et al., 2022; Arya et al., 2023; Bezgin
et al.,, 2023). The DGA’s use of differential programming tools also complements more specialized
numerical methods designed for performing parameter sensitivity analysis on Gillespie simulations
such as finite-difference methods (Anderson, 2012; Srivastava et al., 2013; Thanh et al., 2018), the
likelihood ratio method (Glynn, 1990; McGill et al., 2012, Nifez and Vlachos, 2015), and pathwise
derivative methods (Sheppard et al., 2012).

One of the difficulties in formulating a differentiable version of the Gillespie algorithm is that the
stochastic systems it treats are inherently discrete. For this reason, there is no obvious way to take
derivatives with respect to kinetic parameters without making approximations. As shown in Figure 1,
in the traditional Gillespie algorithm both the selection of the index for the next reaction and the
updates of chemical species are both discontinuous functions of the kinetic parameters. To circum-
navigate these difficulties, the DGA modifies the traditional Gillespie algorithm by approximating
discrete operations with continuous, differentiable functions, smoothing out abrupt transitions to
facilitate gradient computation via automatic differentiation (Figure 1). This significant modification
preserves the core characteristics of the original algorithm while enabling integration with modern
deep learning techniques.

One natural setting for exploring the efficacy of the DGA is recent experimental and theoretical
works exploring stochastic gene expression. Here, we focus on a set of beautiful experiments that
explore the effect of promoter architecture on steady-state gene expression (Jones et al., 2014). An
especially appealing aspect of Jones et al., 2014 is that the authors independently measured the
kinetic parameters for these promoter architectures using orthogonal experiments. This allows us to
directly compare the predictions of DGA to ground truth measurements of kinetic parameters. We
then extend our considerations to more complex promoter architectures (Lammers et al., 2023) and
illustrate how the DGA can be used to design circuits with a desired input—output relation.

Results

A differentiable approximation to the Gillespie algorithm

Before proceeding to discussing the DGA, we start by briefly reviewing how the traditional Gillespie
algorithm simulates discrete stochastic processes. For concreteness, in our exposition, we focus on
the chemical system shown in Figure 1 consisting of three species, A, B, and C, whose abundances are
described by a state vector x = (x1,x2,x3). These chemical species can undergo N = 3 chemical reac-
tions, characterized by rate constants, r;(x) where i = 1,...,3, and a stoichiometric matrix S;, whose
ith row encodes how the abundance x, of species a changes due to reaction i. Note that in what
follows, we will often supress the dependence of the rates r;(x) on x and simply write r;.
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Figure 1. Comparison between the exact Gillespie algorithm and the differentiable Gillespie algorithm (DGA) for simulating chemical kinetics. (a)
Example of kinetics with N = 3 reactions with rates r;(i = 1,2, 3). (b) lllustration of the DGA's approximations: replacing the non-differentiable Heaviside
and Kronecker delta functions with smooth sigmoid and Gaussian functions, respectively. (c) Flow chart comparing exact and differentiable Gillespie

simulations.

In order to simulate such a system, it is helpful to discretize time into small intervals of size Ar < 1.
The probability that a reaction i with rate r; occurs during such an interval is simply r;At. By construc-
tion, we choose At to be small enough that ;A7 <« 1 and that the probability that a reaction occurs
in any interval At is extremely small and well described by a Poisson process. This means that naively
simulating such a process is extremely inefficient because, in most intervals, no reactions will occur.

Gillespie algorithm

The Gillespie algorithm circumnavigates this problem by: (1) exploiting the fact that the reactions are
independent so that the rate at which any reaction occurs is also described by an independent Poisson
process with rate R = 3;r; and (2) the waiting time distribution p(r) of a Poisson process with rate R
is the exponential distribution p(r) = Re ®". The basic steps of the Gillespie algorithm are illustrated

in Figure 1.

The simulation begins with the initialization of time and state variables:
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t=0,

X = X,

where ¢ is the simulation time. One then samples the waiting time distribution p(r) for a reaction to
occur to determine when the next the reaction occurs. This is done by drawing a random number u
from a uniform distribution over [0, 1] and updating

t—t—R 'n(). (1)

Note that this time update is a fully differentiable function of the rates r;.

In order to determine which of the reactions i’ occurs after a time 7, we note that probability that
reaction i occurs is simply given by ¢; = ri/R. Thus, we can simply draw another random number «" and
choose i’ such that i’ equals the smallest integer satisfying

l-/
Z riIR > u. )
i=1

The reaction abundances x are then updated using the stoichiometric matrix

Xo = Xo + Sirg- (3)

Unlike the time update, both the choice of the reaction i’ and the abundance updates are not
differentiable since the choice of the reaction i’ is a discontinuous function of the parameters r;.

Approximating updates in the Gillespie with differentiable functions

In order to make use of modern deep learning techniques and modern automatic differentiation pack-
ages, it is necessary to modify the Gillespie algorithm in such as way as to make the choice of reaction
index (Equation 2) and abundance updates (Equation 3) differentiable functions of the kinetic param-
eters. To do so, we rewrite Equation 2 using a sum of Heaviside step function O(y) (recall ©(y) = 0 if
y<0and ©@y) =1if y > 0):

f=1+Y 0 (-1 @)

This formulation of index selection makes clear the source of non-differentiability. The derivative
of the i’ with respect to r; does not exist at the transition points where the Heaviside function jumps
(see Figure 1b).

This suggests a natural modification of the Gillespie algorithm to make it differentiable — replacing
the Heaviside function ©(y) by a sigmoid function of the form

1
M=y (5)
l+e a
where we have introduced a 'hyper-parameter’ a that controls the steepness of the sigmoid and
plays an analogous role to temperature in a Fermi function in statistical mechanics. A larger value of
a~ ! results in a steeper slope for the sigmoid functions, thereby more closely approximating the true
Heaviside functions which is recovered in the limit a — 0 (see Figure 1b). With this replacement, the

index selection equation becomes

N—1

i'=1+20(%(u/—%)> 6)

i=1

Note that in making this approximation, our index is no longer an integer, but instead can take on
all real values between 0 and N. However, by making a sufficiently small, Equation 6 still serves as
a good approximation to the discrete jumps in Equation 4. In general, a is a hyperparameter that is
chosen to be as small as possible while still ensuring that the gradient of i’ with respect to the kinetic
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parameters r; can be calculated numerically with high accuracy. For a detailed discussion, please see
Appendix 1—figure 1 and Appendix 1.

Since the index i’ is no longer an integer but a real number, we must also modify the abundance
update in Equation 3 to make it fully differentiable. To do this, we start by rewriting Equation 3 using
the Kronecker delta §;; (where ¢;; = 1ifi =j and 6;; =0 if i #j) as

N
Xa = Xa + Y 0iirSia (7)

i=1

Since i’ is no longer an integer, we can approximate the Kronecker delta 8; by a Gaussian function,
to arrive at the approximate update equation

NP
Xo %Xa‘f'ze b Sia- (8)

i=1

The hyperparameter b is generally chosen to be as small as possible while still ensuring numer-
ical stability of gradients (Appendix 1—figure 1). Note by using an abundance update of the form
Equation 8, the species abundances x are now real numbers. This is in stark contrast with the exact
Gillespie algorithm where the abundance update (Equation 7) ensures that the xq are all integers.

Combining the DGA with gradient-based optimization

The goal of making Gillespie simulations differentiable is to enable the computation of the gradient of
a loss function, L(0), with respect to the kinetics parameters 6. A loss function quantifies the difference
between simulated and desired values for quantities of interest. For example, when employing the
DGA in the context of fitting noisy gene expression models, a natural choice for L(6) is the difference
between the simulated and experimentally measured moments of mRNA/protein expression (or alter-
natively, the Kullback-Leibler divergence between the experimental and simulated mRNA/protein

Initialize parameters
—_— —_—

0=90

)

Run simulations > Obtain statistics {Sl-(?)}
using DGA like moments

T

Update parameters
using ADAM Compute loss L({S;})
0 — 0

N\

Obtain gradient of loss
VL

Figure 2. Flow chart of the parameter optimization process using the differentiable Gillespie algorithm (DGA). The
process begins by initializing the parameters 6= 9?). Simulations are then run using the DGA to obtain statistics
{Si(g)} like moments. These statistics are used to compute the loss L({S;}), and the gradient of the loss VL is
obtained. Finally, parameters are updated using the ADAM optimizer, and the process iterates to minimize the
loss.
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The goal of the optimization using the DGA is Mm 14 )
to find parameters @ that minimize the loss. The
basic workflow of a DGA-based optimization is
shown in Figure 2. One starts with an initial guess (b)
for the parameters 6. One then uses DGA algo-
rithm to simulate the systems and calculate the
gradient of the loss function VyL(6). One then
updates the parameters, moving in the direction
of the gradient using gradient descent or more
advanced methods such as ADAM (Kingma and
Ba, 2014; Mehta et al., 2019), which uses adap-
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The price of differentiability

A summary of the DGA is shown in Figure 1.
Unsurprisingly, differentiability comes at a price.
The foremost of these is that unlike the Gillespie
algorithm, the DGA is no longer exact. The DGA
replaces the exact discrete stochastic system by

Figure 3. Two-state gene regulation architecture. (a)
Schematic of gene regulatory circuit for transcriptional
repression. RNA polymerase (RNAP) binds to the
promoter region to initiate transcription at a rate r,
leading to the synthesis of mRNA molecules (red curvy
lines). mRNA is degraded at a rate y. A repressor

protein can bind to the operator site, with association
and dissociation rates k§n and k(l}ff, respectively. (b)
Experimental data from Phillips et al., 2019, showing

an approximate differentiable stochastic system.
This is done by allowing both the reaction index
and the species abundances to be continuous
numbers. Though in theory, the errors introduced ¢ Fano factor for two different promoter constructs:
by these approximations can be made arbitrarily |acUD5 (green squares) and 5DL1 (red squares).
small by choosing the hyper-parameters a and b
small enough (see Figure 1), in practice, gradi-
ents become numerically unstable when a and b
are sufficiently small (see Appendix 1 and Appendix 1—figure 1).

In what follows, we focus almost exclusively on steady-state properties that probe the ‘bulk’,
steady-state properties of the stochastic system of interest. We find the DGA works well in this setting.
However, we note that the effect of the approximations introduced by the DGA may be pronounced
in more complex settings such as the calculation of rare events, modeling of tail-driven processes, or
dealing with non-stationary time series.

In order to better understand the DGA in the context of stochastic gene expression, we bench-
marked the DGA on a simple two-state promoter model inspired by experiments in Escherichia coli
(Jones et al., 2014). This simple model had several advantages that make it well suited for exploring
the performance of DGA. These include the ability to analytically calculate mRNA expression distribu-
tions and independent experimental measurements of kinetic parameters.

the relationship between the mean mRNA level and

Two-state promoter model

Gene regulation is tightly regulated at the transcriptional level to ensure that genes are expressed at
the right time, place, and in the right amount (Phillips et al., 2012). Transcriptional regulation involves
various mechanisms, including the binding of transcription factors to specific DNA sequences, the
modification of chromatin structure, and the influence of non-coding RNAs, which collectively control
the initiation and rate of transcription (Phillips et al., 2012; Sanchez et al., 2013; Phillips et al., 2019).
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Figure 4. Accuracy of the differentiable Gillespie algorithm (DGA) in simulating the two-state promoter architecture in Figure 3a. Comparison between
the DGA and exact simulations for (a) steady-state mRNA distribution, (b) moments of the steady-state mRNA distribution, and (d) the probability for
the promoter to be in the ‘'ON’ or ‘OFF’ state. (c) Ratio of the Jensen-Shannon divergence JSD (pDGA”pZ;acl) between the differentiable Gillespie
probability distribution function (PDF) ppga and the exact steady-state PDF piyact, and the Shannon entropy H(pSsac() of the exact steady-state PDF.

In all of the plots, 2000 trajectories are used. The simulation time used in panels (a), (b), and (d) is marked by blue 'x. Parameter values: k§n =0.5,

KRe=1.0,r=10,~ =1, 1/a = 200, and 1/b = 20.

By orchestrating these regulatory mechanisms, cells can respond to internal signals and external envi-
ronmental changes, maintaining homeostasis and enabling proper development and function.

Here, we focus on a classic two-state promoter gene regulation (Jones et al., 2014). Two-state
promoter systems are commonly studied because they provide a simplified yet powerful model
for understanding gene regulation dynamics. These systems, characterized by promoters toggling
between active and inactive states, offer insights into how genes are turned on or off in response to
various stimuli (see Figure 3a). The two-state gene regulation circuit involves the promoter region,
where RNA polymerase (RNAP) binds to initiate transcription and synthesize mRNA molecules at a
rate r. A repressor protein can also bind to the operator site at a rate ks, and unbind at a rate k3.
When the repressor is bound to the operator, it prevents RNAP from accessing the promoter, effec-
tively turning off transcription. mRNA is also degraded at a rate . An appealing feature of this model
is that both mean mRNA expression and the Fano factor can be calculated analytically and there exist
beautiful quantitative measurements of both these quantities (Figure 3b). For this reason, we use this
two-state promoters to benchmark the efficacy of DGA below.

Characterizing errors due to approximations in the DGA
We begin by testing the DGA to do forward simulations on the two-state promoter system described
above and comparing the results to simulations performed with the exact Gillespie algorithm (see
Appendix 2 for simulation details). Figure 4a compares the probability distribution function (PDF) for
the steady-state mMRNA levels obtained from the DGA (in red) and the exact Gillespie simulation (in
blue). The close overlap of these distributions demonstrates that the DGA can accurately replicate
the results of the exact Gillespie simulation. This is also shown by the very close match of the first four
moments (m") of the mRNA count between the exact Gillespie and the DGA in Figure 4b, though
the DGA systematically overestimates these moments. As observed in Figure 4a, the DGA also fails
to accurately capture the tails of the underlying PDF. This discrepancy arises because rare events
result from very frequent low-probability reaction events where the sigmoid approximation used in
the DGA significantly impacts the reaction selection process and, consequently, the final simulation
results.

Next, we compare the accuracy of the DGA in simulating mRNA abundance distributions across
a range of simulation times (see Figure 4c). The accuracy is quantified by the ratio of the Jensen—
Shannon divergence JSD (ppgallpexact) between the differentiable Gillespie PDF ppga and the exact
steady-state PDF pix,ct, and the entropy H(pexact) Of the exact steady-state PDF. For probability distri-
butions P and Q over the same discrete space X, the JSD and H are defined as:
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ISD(P | ©) =3 Dia (P | M)+ 3Dk || M)

9
H(P)=— Y P(x)log P(x) @
xeX
where M = %(P + Q) and D, denotes the Kullback-Leibler divergence
P(x)
Dx (P || Q) =) P(x)log 00 (10)
xeX
The ratio JSTD normalizes divergence by entropy, enabling meaningful comparison across systems.

As expected, the J%D ratio decreases with increasing simulation time, indicating convergence toward

the steady-state distribution of the exact Gillespie simulation. By ‘steady-state distribution’, we mean
the long-term probability distribution of states that the exact Gillespie algorithm approaches after a
simulation time of 10*. The saturation of the J%D ratio at approximately 0.003 for long simulation times
is due to the finite values of a~ ! and b . In percentage terms, this ratio represents a 0.3% divergence,
meaning that the DGA's approximation introduces only a 0.3% deviation from the exact distribution,

relative to the total uncertainty (entropy) in the exact system.

Finally, the bar plot in Figure 4d shows simulation results for the probability of the promoter being
in the ‘OFF" and ‘ON’ states as predicted by the DGA (in red) and the exact Gillespie simulation (in
blue). The differentiable Gillespie overestimates the probability of being in the ‘OFF’ state and under-
estimates the probability of being in the ‘ON’ state. Nonetheless, given the discrete nature of this
system, the DGA does a reasonable job of matching the results of the exact simulations.

As we will see below, despite these errors the DGA is able to accurately capture gradient informa-
tion and hence works remarkably well at gradient-based optimization of loss functions.

Parameter estimation using the DGA

In many applications, one often wants to estimate kinetic parameters from experimental measure-
ments of a stochastic system (Tian et al., 2007, Munsky et al., 2009; Komorowski et al., 2009,
Villaverde et al., 2019). For example, in the context of gene expression, biologists are often inter-
ested in understanding biophysical parameters such as the rate at which promoters switch between
states or a transcription factor unbinds from DNA. However, estimating kinetic parameters in stochastic
systems poses numerous challenges because the vast majority of methods for parameter estimation
are designed with deterministic systems in mind. Moreover, it is often difficult to analytically calcu-
late likelihood functions making it difficult to perform statistical inference. One attractive method for
addressing these difficulties is to combine differentiable Gillespie simulations with gradient-based
optimization methods. By choosing kinetic parameters that minimize the difference between simula-
tions and experiments as measured by a loss function, one can quickly and efficiently estimate kinetic
parameters and error bars.

Loss function for parameter estimation

To use the DGA for parameter estimation, we start by defining a loss function L(0) that measures the
discrepancy between simulations and experiments. In the context of the two-state promoter model
(Figure 3), a natural choice of loss function is the square error between the simulated and experimen-
tally measured mean and standard deviations of the steady-state mRNA distributions:

L@) = ((m) — (m))* + (6m — om)*, (11)

where (m) and 6, denote the mean and standard deviation obtained from DGA simulations, and (m)
and o, are the experimentally measured values of the same quantities. Having specified the loss func-
tion and parameters, we then use the gradient-based optimization to minimize the loss and find the
optimal parameters 8 (see Figure 2). Note that in general the solution to the optimization problem
need not be unique (see below).

Rijal and Mehta. eLife 2025;14:RP103877. DOI: https://doi.org/10.7554/eLife.103877 8 of 30


https://doi.org/10.7554/eLife.103877

ELlfe Research article

Cell Biology | Physics of Living Systems

Confidence intervals and visualizing loss landscapes

Given a set of learned parameters @ that minimize L(8), one would also ideally like to assign a confi-
dence interval (Cl) to this estimate that reflect how constrained these parameters are. One natural way
to achieve this is by examining the curvature of the loss function as the parameter 6; varies around its
minimum value, 6", Motivated by this, we define the 95% Cls for parameter 6; by:

Cly, = [6™" — 5,6™" + 1.9665] (12)

-1
8L

6p = (/L=

o (\/aef)

and LM — §) = L™ + 1.966p,). A detailed explanation of how to numerically estimate the Cls is
given in Appendix 3.

One shortcoming of Equation 13 is that it treats each parameter in isolation and ignores correla-
tions between parameters. On a technical level, this is reflected in the observation that the Cls only
know about the diagonal elements of the full Hessian 8§L(0). This shortcoming is especially glaring
when there are many sets of parameters that all optimize the loss function (Einav et al., 2018; Razo-
Mejia et al., 2018). As discuss below, this is often the case in many stochastic systems including the
two-state promoter architecture in Figure 3. For this reason, it is often useful to make two dimensional
plots of the loss function L(8). To do so, for each pair of parameters, we simply sample the parameters
around their optimal value and forward simulate to calculate the loss function L(8). We then use this
simulations to create two-dimensional heat maps of the loss function. This allows us to identify ‘soft
directions’ in parameter space, where the loss function L(6) changes slowly, indicating weak sensitivity
to specific parameter combinations.

where

(13)

0;=0pin

Parameter estimation on synthetic data

Before proceeding to experiments, we start by benchmarking the DGA's ability to perform param-
eter estimation on synthetic data generated using the two-state promoter model shown in Figure 3.
This model nominally has four independent kinetic parameters: the rate at which repressors bind the
promoter, k&,; the rate at which the repressor unbinds from the promoter, k; the rate at which mRNA
is produced, r; and the rate at which mRNA degrades, . Since we are only concerned with steady-
state properties of the mRNA distribution, we choose to measure time in units of the off rate and set
By =1in everything that follows. In Appendix 4, we make use of exact analytical results for (m) and
om to show that the solution to the optimization problem specified by loss function in Equation 11 is
degenerate - there are many combinations of the three parameters {kgn,r,w} that all optimize L(6).
On the other hand, if one fixes the mRNA degradation rate v, this degeneracy is lifted and there is a
unique solution to the optimization problem for the two parameters {k%,, }. We discuss both these
cases below.

Generating synthetic data

To generate synthetic data, we randomly sample the three parameters: k&, r, and v within the range
[0.1,10], while keeping kY fixed at 1. In total, we generate 20 different sets of random parameters.
We then perform exact Gillespie simulations for each set of parameters. Using these simulations, we
obtain the mean (m) and standard deviation o, of the mRNA levels, which are then used as input to
the loss function in Equation 11. We then use the DGA to estimate the parameters using the proce-
dure outlined above and compare the resulting predictions with ground truth values for simulations.

Estimating parameters in the non-degenerate case

We begin by considering the case where the mRNA degradation rate v is known and the goal is to
estimate the two other parameters: the repressor binding rate k&, and the mRNA production rate r.
As discussed above, in this case, the loss function in Equation 11 has a unique minima, considerably
simplifying the inference task. Figure 5a shows a scatter plot of the learned and the true param-
eter values for wide variety of choices of . As can be seen, there is very good agreement between
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Figure 5. Gradient-based learning via differentiable Gillespie algorithm (DGA) is applied to the synthetic data for the gene expression model in

Figure 3a. Parameters koRff are fixed at 1, with 1/a = 200 and 1/b = 20 for a simulation time of 10. (a) Scatter plot of true versus inferred parameters

(kon and 7) with 7y constant. Error bars are 95% confidence intervals (Cls). Panel (b) plots the logarithm of the loss function near a learned parameter set
(shown in red circles in (a)), showing insensitivity regions. Panel (c) compares true and predicted mRNA mean and standard deviation with 95% Cls.

the true parameters and learned parameters. Figure 5¢c shows that even when the true and learned
parameters differ, the DGA can predict the mean (m) and standard deviation o, of the steady-state
mRNA distribution almost perfectly (see Appendix 5 for discussion of how error bars were estimated).
To better understand this, we selected a set of learned parameters: koRn =0.87, r=3.83, and v = 2.43.
We then plotted the loss function in the neighborhood of these parameters (Figure 5b). As can be
seen, the loss function around the true parameters is quite flat and the learned parameters live at the
edge of this flat region. The flatness of the loss function reflects the fact that the mean and standard
deviation of the mRNA distribution depend weakly on the kinetic parameters.

Estimating parameters for the degenerate case

We now estimate parameters for the two-state promoter model when all three parameters k&, r,
and v are unknown. As discussed above, in this case, there are many sets of parameters that all mini-
mize the loss function in Equation 11. Figure 6a shows a comparison between the learned and true
parameters along with a heat map of the loss function for one set of synthetic parameters (Figure 6b).
As can be seen in the plots, though the true parameters and learned parameter values differ signifi-
cantly, they do so along ‘sloppy’ directions where loss function is flat. Consistent with this intuition,
we performed simulations comparing the mean (m) and standard deviation 6, of the steady-state
mRNA levels using the true and learned parameters and found near-perfect agreement across all of
the synthetic data (Figure 6c).

Parameter estimation on experimental data

In the previous section, we demonstrated that our DGA can effectively obtain parameters for synthetic
data. However, real experimental data often contains noise and variability, which can complicate the
parameter estimation process. To test the DGA in this more difficult setting, we reanalyze experiments
by Jones et al., 2014 which measured how mRNA expression changes in a system well described by
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Figure 6. Gradient-based learning via differentiable Gillespie algorithm (DGA) is applied to the synthetic data for the gene expression model in

Figure 3a. Parameters kORff are fixed at 1, with 1/a = 200 and 1/b = 20 for a simulation time of 10. (a) Scatter plot of true versus inferred parameters
(lAcoRn, 7, and 7). Error bars are 95% confidence intervals (Cls). Panel (b) plots the logarithm of the loss function near a learned parameter set (shown in red
circles in (a)), showing insensitivity regions. Panel (c) compares true and predicted mRNA mean and standard deviation with 95% Cls.

the two-state gene expression model in Figure 3. In these experiments, two constitutive promoters
lacUD5 and 5DL1 (with different transcription rates r) were placed under the control of a Lacl repressor
through the insertion of a Lacl binding site. By systematically varying Lacl concentrations, the authors
were able to adjust the repressor binding rate k&,. mRNA fluorescence in situ hybridization was
employed to measure mRNA expression, providing data on both mean expression levels (m) and the
variability as quantified by the Fano factor f= o2/(m) for both promoters (see Figure 3b).

Given a set of measurements of the mean and Fano factor {(m);,f}'} for a promoter (lacUD5 and
5DL1), we construct a loss function of the form:

N N
L="((m)i — (m))* + 37 = \Jf 7 m))?,
i=1 i=1

(14)

where i runs over data points (each with a different lac repressor concentration) and (m); and 67" are
the mean and standard deviation obtained from a sample of DGA simulations. This loss function is
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Figure 7. Fitting of experimental data from Jones et al., 2014 using the differentiable Gillespie algorithm (DGA). (a) Comparison between theoretical
predictions from the DGA (solid curves) and experimental values of mean and the Fano factor for the steady-state mRNA levels are represented by
square markers, along with the error bars, for two different promoters, lacUD5 and 5DL1. Solid curves are generated by using DGA to estimate 7, %, and
{IAcoRn} and using this as input to exact analytical formulas. (b) Comparison between the inferred values of £ using DGA with experimentally measured
values of this parameter from Jones et al., 2014. (c) Inferred lAcﬁn values as a function of the mean mRNA level.

chosen because, at its minimum, (m); = (m); and 67 = \/f7(m); for all i. As above, we set ki = 1, and
focus on estimating the other three parameters {r,v. kay }. When performing our gradient-based opti-
mization, we assume that the transcription rate r and the mRNA degradation rate «y are the same for
all data points i, while allowing k§n to vary across data points i. This reflects the fact that kORIl is a func-
tion of the lac repressor concentration which, by design, is varied across data points (see Appendix 6
for details on how this optimization is implemented and calculation of error bars).

The results of this procedure are summarized in Figure 7. We find that for the lacUD5 promoter
7=190.25, 4 = 6.20 and that 12§n varies from a minimum value of 0.18 to a maximum value of 99.0.
For the 5DL1 promoters 7 = 87.48 and 4 = 9.80 and IAcORn varies between 3.64 and 99.0. Recall that we
have normalized all rates to the repressor unbinding rate kR; = 1. These values indicate that mRNA
transcription occurs much faster compared to the unbinding of the repressor, suggesting that once
the promoter is in an active state, it produces mRNA rapidly. The relatively high mRNA degradation
rates indicate a mechanism for fine-tuning gene expression levels, ensuring that mRNA does not
persist too long in the cell, which could otherwise lead to prolonged expression even after promoter
deactivation.

As expected, the repressor binding rates decrease with the mean mRNA level (see Figure 7c). The
broad range of repressor binding rates shows that the system can adjust its sensitivity to repressor
concentration, allowing for both tight repression and rapid activation depending on the cellular
context.

Figure 7a shows a comparison between the predictions of the DGA (solid curves) and the experi-
mental data (squares) for mean mRNA levels and the Fano factor . The theoretical curves are obtained
by using analytical expression for and from Gillespie, 2007 with parameters estimated from the DGA.
We find that for the lacUD5 and the 5DL1 promoters, the mean percentage errors for predictions of
the Fano factor are 25% and 28%, respectively (see Appendix 6).

An appealing feature of Jones et al., 2014 is that the authors performed independent experiments
to directly measure the normalized transcription rate r/vy (namely the ratio of the transcription rate and
the mRNA degradation rate). This allows us to compare the DGA predictions for these parameters
to ground truth measurements of kinetic parameters. In Figure 7b, the predictions of the DGA agree
remarkably well for both the lacUD5 and 5DL1 promoters.

Designing gene regulatory circuits with desired behaviors

Another interesting application of the DGA is to design stochastic chemical or biological networks
that exhibit a particular behavior. In many cases, this design problem can be reformulated as identi-
fying choices of parameter that give rise to a desired behavior. Here, we show that the DGA is ideally
suited for such a task. We focus on designing the input—output relation of a four state promoter model
of gene regulation (Lammers et al., 2023). We have chosen this more complex promoter architecture
because, unlike the two-state promoter model analyzed above, it allows for nonequilibrium currents.
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Figure 8. Design of the four-state promoter architecture using the differentiable Gillespie algorithm (DGA). (a) Schematic of four-state promoter model.
(b) Target input-output relationships (solid curves) and learned input—output relationships (blue dots) between activator concentration [¢] and average

mRNA production rate. (c) Parameters learned by DGA for the two responses in (b). (d) The sharpness of the response

a(r)
dlcl

[c], and the energy dissipated

per unit time for two responses in (b). (e) Logarithm of the loss function for the learned parameter set for Response-2, revealing directions (or curves) of
insensitivity in the model’s parameter space. The red circles are the learned parameter values.

In making this choice, we are inspired by numerous recent works have investigated how cells can tune
kinetic parameters to operate out of equilibrium in order to achieve increased sharpness/sensitivity
(Nicholson and Gingrich, 2023Lammers et al., 2023; Zoller et al., 2022; Wong and Gunawardena,
2020; Dixit et al., 2024).

Model of nonequilibrium promoter

We focus on designing the steady-state input-output relationship of the four-state promoter model of
gene regulation model shown in Figure 8a; Lammers et al., 2023. The locus can be in either an ‘ON’
state where mRNA is transcribed at a rate r or an ‘OFF’ state where the locus is closed and there is
no transcription. In addition, a transcription factor (assumed to be an activator) with concentration [c]
can bind to the locus with a concentration dependent rate [c]k;, in the ‘OFF’ state and a rate [c]npqkp in
the 'ON’ rate. The activator can also unbind at a rate k, in the ‘OFF’ state and a rate nuqky in the ‘ON’
state. The average mRNA production rate (averaged over many samples) in this model is given by
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(r) = r(my + m3) (15)

where 7 (s = 2,3) is the steady-state probability of finding the system in each of the ‘ON’ states (see
Figure 8a).

Such promoter architectures are often studied in the context of protein gradient-based develop-
ment (Lammers et al., 2023; Estrada et al., 2016; Owen and Horowitz, 2023). One well-known
example of such a gradient is the dorsal protein gradient in Drosophila, which plays a crucial role
in determining the spatial boundaries of gene expression domains during early embryonic devel-
opment. In this context, the sharpness of the response as a function of activator concentration is a
critical aspect. High sharpness ensures that the transition between different gene expression domains
occurs over a very narrow region, leading to well-defined and precise boundaries. Inspired by this,
our objective is to determine the parameters such that the variation in (7) as a function of the acti-
vator concentration [c] follows a desired response. We consider the two target responses (shown in
Figure 8b) of differing sharpness, which following Lammers et al., 2023 we quantify as max (%[c]).
For simplicity, we use sixth-degree polynomials to model the input-output functions, with the x-axis
plotted on a logarithmic scale. We note that our results do not depend on this choice and any other
functional form works equally well.

Loss function

In order to use the DGA to learn a desired input-output relation, we must specify a loss function
that quantifies the discrepancy between the desired and actual responses of the promoter network.
To construct such a loss function, we begin by discretizing the activator concentration into N = 10
logarithmically spaced points, [c];, where i = 1,2,...,N. For each [c];, we denote the corresponding
average mMRNA production rate (7); (see Equation 15). After discretization, the loss function is simply
the square error between the desired response, (7);, and the current response, (#(8));, of the circuit

N

L=>"(i0); — (M. (16)

i=1

where (#(0)); denotes the predicted average mRNA production rates obtained from the DGA simula-
tions given the current parameters 8. To compute (7); for a concentration [c];, we perform n = 600 DGA
simulations (indexed by capital letters A = 1,...,n) using the DGA and use these simulations to calcu-
late the fraction of time spent in transcriptionally active states (states s =2 and s = 3 in Figure 8a).
If we denote the fraction of time spent in state s in simulation A by w}“, then we can calculate the
probability 7s of being in state s by

1 n
m=;/§w§* (17)

and use Equation 15 to calculate (#(0));

As before, we optimize this loss using gradient descent (see Figure 2). We assume that the tran-
scription rate r is known (this just corresponds to an overall scaling of mMRNA numbers). Since we are
concerned only with steady-state properties, we fix the activator binding rate to a constant value,
kp = 0.02. This is equivalent to measuring time in units of k;l. We then use gradient descent to opti-
mize the remaining seven parameters governing transitions between promoter states.

Assessing circuits found by the DGA

Figure 8b shows a comparison between the desired and learned input-output relations. This is good
agreement between the learned and desired responses, showing that the DGA is able to design
dose-response curves with different sensitivities and maximal values. Figure 8c shows the learned
parameters for both response curves. Notably, the degree of activation resulting from transcrip-
tion factor binding, denoted by 7., is substantially higher for the sharper response (Response-2).
In contrast, the influence on transcription factor binding due to activation, represented by n,, is
reduced for the sharper response curve. Additionally, the unbinding rate &, is observed to be lower
for the sharper response. However, it is essential to approach these findings with caution, as the
parameters are highly interdependent. These interdependencies can be visualized by plotting the loss
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function around the optimized parameter values. Figure 8e shows two dimensional heat maps of the
loss function for Response-2. There are seven free parameters, resulting in a total of 21 possible 2D
slices of the loss function within the seven-dimensional loss landscape.

The most striking feature of these plots is the central role played by the parameters 7,, and 1uq
which must both be high, suggesting that the sharpness in Response-2 may result from creating a
high-flux nonequilibrium cycle through the four promoter states (see Figure 8a). This observation
is consistent with recent works suggesting that creating such nonequilibrium kinetics represents a
general design principle for engineering sharp responses (Lammers et al., 2023; Zoller et al., 2022,
Wong and Gunawardena, 2020; Dixit et al., 2024). To better understand if this is indeed what
is happening, we quantified the energy dissipation per unit time (power consumption), ®, in the
nonequilibrium circuit. The energetic cost of operating biochemical networks can be quantified using
ideas from nonequilibrium thermodynamics using a generalized Ohm'’s law of the form (Lammers
et al., 2023; Qian, 2007; Mehta and Schwab, 2012; Lan et al., 2012; Lang et al., 2014; Mehta
et al., 2016)

O =JAp (18)

where we have defined a nonequilibrium drive

Ap=In (Lwﬂ (19)
NibMba
and the nonequilibrium flux
J = mokplc] — mrku, (20)

where 1y and 7 are the probabilities of finding the system in state 0 and 1, respectively. Figure 8d
shows a comparison between energy consumption and sharpness of the two learned circuits. Consis-
tent with the results of Lammers et al., 2023, we find that the sharper response curve is achieved by
consuming more energy.

Discussion

In this paper, we introduced a fully differentiable variant of the Gillespie algorithm, the DGA. By
integrating differentiable components into the traditional Gillespie algorithm, the DGA facilitates
the use of gradient-based optimization techniques, such as gradient descent, for parameter estima-
tion and network design. The ability to smoothly approximate the discrete operations of the tradi-
tional Gillespie algorithm with continuous functions facilitates the computation of gradients via both
forward- and reverse-mode automatic differentiation, foundational techniques in machine learning,
and has the potential to significantly expand the utility of stochastic simulations. Our work demon-
strates the efficacy of the DGA through various applications, including parameter learning and the
design of simple gene regulatory networks.

We benchmarked the DGA's ability to accurately replicate the results of the exact Gillespie algo-
rithm through simulations on a two-state promoter architecture. We found the DGA could accurately
approximate the moments of the steady-state distribution and other major qualitative features. Unsur-
prisingly, it was less accurate at capturing information about the tails of distributions. We then demon-
strated that the DGA could be accurately used for parameter estimation on both simulated and real
experimental data. This capability to infer kinetic parameters from noisy experimental data under-
scores the robustness of the DGA, making it a potentially powerful computation tool for real-world
applications in quantitative biology. Furthermore, we showcased the DGA's application in designing
biological networks. Specifically, for a complex four-state promoter architecture, we learned param-
eters that enable the gene regulation network to produce desired input-output relationships. This
demonstrates how the DGA can be used to rapidly design complex biological systems with specific
behaviors. We expect computational design of synthetic circuits with differentiable simulations to
become an increasingly important tool in synthetic biology.

There remains much work still to be done. In this paper, we focused almost entirely on properties
of the steady states. However, a powerful aspect of the traditional Gillespie algorithm is that it can be
used to simulate dynamical trajectories. How to adopt the DGA to utilize dynamical data remains an
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extremely important open question. In addition, it will be interesting to see if the DGA can be adapted
to understand the kinetic of rare events. It will also be interesting to compare the DGA with other
recently developed approximation methods such as those based on tensor networks (Strand et al.,
2022; Nicholson and Gingrich, 2023). Beyond the gene regulatory networks, extending the DGA to
handle larger and more diverse datasets will be crucial for applications in epidemiology, evolution,
ecology, and neuroscience. On a technical level, this may be facilitated by developing more sophisti-
cated smoothing functions and adaptive algorithms to improve numerical stability and convergence.

The DGA could also be extended to stochastic spatial systems by incorporating reaction—diffusion
master equations or lattice-based models. Its differentiability may enable efficient optimization of
spatially heterogeneous reaction parameters. However, such extensions may need to address compu-
tational scalability and stability in high-dimensional spaces, especially in processes such as diffusion-
driven pattern formation or spatial gene regulation.

Materials and methods

A detailed explanation of how the DGA is implemented using PyTorch is given in the Appendix. In
addition, all code for the DGA is available on Github at our Github repository https://github.com/
Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm (copy archived at Rijal, 2025).

Acknowledgements

This work was supported by NIH NIGMS R35GM119461 to PM and Chan-Zuckerburg Institute Investi-
gator grant to PM. The authors also acknowledge support from the Shared Computing Cluster (SCC)
administered by Boston University Research Computing Services. We would also like to thank the
Mehta and Kondev groups for useful discussions.

Additional information

Funding
Funder Grant reference number Author
National Institute of R35GM 119461 Pankaj Mehta

General Medical Sciences

Chan Zuckerberg Initiative Investigator grant Pankaj Mehta

The funders had no role in study design, data collection, and interpretation, or the
decision to submit the work for publication.

Author contributions

Krishna Rijal, Conceptualization, Data curation, Formal analysis, Validation, Investigation, Visualization,
Methodology, Writing — original draft; Pankaj Mehta, Conceptualization, Supervision, Funding acqui-
sition, Validation, Investigation, Methodology, Project administration, Writing — review and editing

Author ORCIDs
Krishna Rijal ® https://orcid.org/0000-0001-7236-7387
Pankaj Mehta @ https://orcid.org/0000-0003-1290-5897

Peer review material

Reviewer #1 (Public review): https://doi.org/10.7554/elife.103877.3.sa
Reviewer #2 (Public review): https://doi.org/10.7554/elife.103877.3.sa2
Reviewer #3 (Public review): https://doi.org/10.7554/elife.103877.3.sa3
Author response https://doi.org/10.7554/elife.103877.3.sa4

Rijal and Mehta. eLife 2025;14:RP103877. DOI: https://doi.org/10.7554/eLife.103877 16 of 30


https://doi.org/10.7554/eLife.103877
https://github.com/Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm
https://github.com/Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm
https://orcid.org/0000-0001-7236-7387
https://orcid.org/0000-0003-1290-5897
https://doi.org/10.7554/eLife.103877.3.sa1
https://doi.org/10.7554/eLife.103877.3.sa2
https://doi.org/10.7554/eLife.103877.3.sa3
https://doi.org/10.7554/eLife.103877.3.sa4

ELlfe Research article Cell Biology | Physics of Living Systems

Additional files

Supplementary files
MDAR checklist

Data availability

All code for the Differentiable Gillespie Algorithm is freely available on GitHub at https://github.com/
Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm (copy archived at Rijal, 2025). The
study uses previously published experimental datasets from Jones et al., 2014. This dataset is publicly
available through Science at https://doi.org/10.1126/science.1255301. No additional proprietary or
restricted datasets were used in this study.

References

Anderson DF. 2012. An efficient finite difference method for parameter sensitivities of continuous time markov
chains. SIAM Journal on Numerical Analysis 50:2237-2258. DOI: https://doi.org/10.1137/110849079

Arya G, Schauer M, Schéfer F, Rackauckas C. 2022. Automatic differentiation of programs with discrete
randomness. arXiv. https://arxiv.org/abs/2210.08572

Arya G, Seyer R, Schéfer F, Lew A, Huot M, Mansinghka VK, Rackauckas C, Chandra K, Schauer M. 2023.
Differentiating Metropolis-Hastings to Optimize Intractable Densities. arXiv. https://arxiv.org/abs/2306.07961

Benayoun M, Cowan JD, van Drongelen W, Wallace E. 2010. Avalanches in a stochastic model of spiking
neurons. PLOS Computational Biology 6:1000846. DOI: https://doi.org/10.1371/journal.pcbi. 1000846, PMID:
20628615

Bezanson J, Edelman A, Karpinski S, Shah VB. 2017. Julia: a fresh approach to numerical computing. SIAM
Review 59:65-98. DOI: https://doi.org/10.1137/141000671

Bezgin DA, Buhendwa AB, Adams NA. 2023. JAX-Fluids: A fully-differentiable high-order computational fluid
dynamics solver for compressible two-phase flows. Computer Physics Communications 282:108527. DOI:
https://doi.org/10.1016/j.cpc.2022.108527

Bradbury J, Frostig R, Tkacik P, Johnson MJ, Leary C, Maclaurin D, Necula G, Paszke A, VanderPlas J,
Wanderman-Milne S, Zhang Q. 2018. JAX: composable transformations of python+numpy programs. a67ab9%f.
Github. https://github.com/jax-ml/jax

Degrave J, Hermans M, Dambre J, Wyffels F. 2019. A differentiable physics engine for deep learning in robotics.
Frontiers in Neurorobotics 13:6. DOI: https://doi.org/10.3389/fnbot.2019.00006, PMID: 30899218

DixitS, MiddelkoopTC, ChoubeyS. 2024. Governing principles of transcriptional logic out of equilibrium.
Biophysical Journal123:1015-1029. DOI: https://doi.org/10.1016/].bpj.2024.03.020, PMID: 38486450

Dobramysl U, Mobilia M, Pleimling M, Tauber UC. 2018. Stochastic population dynamics in spatially extended
predator—prey systems. Journal of Physics A 51:063001. DOI: https://doi.org/10.1088/1751-8121/aa95c7

Doob JL. 1945. Transactions of the American Mathematical Society. American Mathematical Society. DOI:
https://doi.org/10.1090/50002-9947-1945-0013857-4

EinavT, DuqueJ, PhillipsR. 2018. Theoretical analysis of inducer and operator binding for cyclic-AMP receptor
protein mutants. PLOS ONE13:e0204275. DOI: https://doi.org/10.1371/journal.pone.0204275, PMID:
30256816

Elowitz MB, Levine AJ, Siggia ED, Swain PS. 2002. Stochastic gene expression in a single cell. Science
297:1183-1186. DOI: https://doi.org/10.1126/science.1070919, PMID: 12183631

Estrada J, Wong F, DePace A, Gunawardena J. 2016. Information integration and energy expenditure in gene
regulation. Cell 166:234-244. DOI: https://doi.org/10.1016/j.cell.2016.06.012, PMID: 27368104

Gardiner C. 2009. Stochastic Methods. Springer.

Gillespie DT. 1976. A general method for numerically simulating the stochastic time evolution of coupled
chemical reactions. Journal of Computational Physics 22:403-434. DOI: https://doi.org/10.1016/0021-9991(76)
90041-3

Gillespie DT. 1977. Exact stochastic simulation of coupled chemical reactions. The Journal of Physical Chemistry
81:2340-2361. DOI: https://doi.org/10.1021/j100540a008

Gillespie DT. 2007. Stochastic simulation of chemical kinetics. Annual Review of Physical Chemistry 58:35-55.
DOI: https://doi.org/10.1146/annurev.physchem.58.032806.104637, PMID: 17037977

Glynn PW. 1990. Likelihood ratio gradient estimation for stochastic systems. Communications of the ACM
33:75-84. DOI: https://doi.org/10.1145/84537.84552

Jones DL, Brewster RC, Phillips R. 2014. Promoter architecture dictates cell-to-cell variability in gene expression.
Science 346:1533-1536. DOI: https://doi.org/10.1126/science.1255301, PMID: 25525251

Kingma DP, Ba J. 2014. Adam: A Method for Stochastic Optimization. arXiv. https://arxiv.org/abs/1412.6980

KomorowskiM, Finkenst&dtB, HarperCV, RandDA. 2009. Bayesian inference of biochemical kinetic parameters
using the linear noise approximation. BMC Bioinformatics10:1-10. DOI: https://doi.org/10.1186/1471-2105-10-
343, PMID: 19840370

Lammers NC, Flamholz Al, Garcia HG. 2023. Competing constraints shape the nonequilibrium limits of cellular
decision-making. PNAS 120:e2211203120. DOI: https://doi.org/10.1073/pnas.2211203120, PMID: 36862689

Rijal and Mehta. eLife 2025;14:RP103877. DOI: https://doi.org/10.7554/eLife.103877 17 of 30


https://doi.org/10.7554/eLife.103877
https://github.com/Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm
https://github.com/Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm
https://doi.org/10.1126/science.1255301
https://doi.org/10.1137/110849079
https://arxiv.org/abs/2210.08572
https://arxiv.org/abs/2306.07961
https://doi.org/10.1371/journal.pcbi.1000846
http://www.ncbi.nlm.nih.gov/pubmed/20628615
https://doi.org/10.1137/141000671
https://doi.org/10.1016/j.cpc.2022.108527
https://github.com/jax-ml/jax
https://doi.org/10.3389/fnbot.2019.00006
http://www.ncbi.nlm.nih.gov/pubmed/30899218
https://doi.org/10.1016/j.bpj.2024.03.020
http://www.ncbi.nlm.nih.gov/pubmed/38486450
https://doi.org/10.1088/1751-8121/aa95c7
https://doi.org/10.1090/S0002-9947-1945-0013857-4
https://doi.org/10.1371/journal.pone.0204275
http://www.ncbi.nlm.nih.gov/pubmed/30256816
https://doi.org/10.1126/science.1070919
http://www.ncbi.nlm.nih.gov/pubmed/12183631
https://doi.org/10.1016/j.cell.2016.06.012
http://www.ncbi.nlm.nih.gov/pubmed/27368104
https://doi.org/10.1016/0021-9991(76)90041-3
https://doi.org/10.1016/0021-9991(76)90041-3
https://doi.org/10.1021/j100540a008
https://doi.org/10.1146/annurev.physchem.58.032806.104637
http://www.ncbi.nlm.nih.gov/pubmed/17037977
https://doi.org/10.1145/84537.84552
https://doi.org/10.1126/science.1255301
http://www.ncbi.nlm.nih.gov/pubmed/25525251
https://arxiv.org/abs/1412.6980
https://doi.org/10.1186/1471-2105-10-343
https://doi.org/10.1186/1471-2105-10-343
http://www.ncbi.nlm.nih.gov/pubmed/19840370
https://doi.org/10.1073/pnas.2211203120
http://www.ncbi.nlm.nih.gov/pubmed/36862689

e Llfe Research article

Cell Biology | Physics of Living Systems

Lan G, Sartori P, Neumann S, Sourjik V, Tu Y. 2012. The energy-speed-accuracy tradeoff in sensory adaptation.
Nature Physics 8:422-428. DOI: https://doi.org/10.1038/nphys2276, PMID: 22737175

Lang AH, Fisher CK, Mora T, Mehta P. 2014. Thermodynamics of statistical inference by cells. Physical Review
Letters 113:148103. DOI: https://doi.org/10.1103/PhysRevLett.113.148103, PMID: 25325665

Liao HJ, Liu JG, Wang L, Xiang T. 2019. Differentiable programming tensor networks. Physical Review X
9:031041. DOI: https://doi.org/10.1103/PhysRevX.9.031041

McAdams HH, Arkin A. 1997. Stochastic mechanisms in gene expression. PNAS 94:814-819. DOI: https://doi.
org/10.1073/pnas.94.3.814, PMID: 9023339

McGill JA, Ogunnaike BA, Vlachos DG. 2012. Efficient gradient estimation using finite differencing and likelihood
ratios for kinetic Monte Carlo simulations. Journal of Computational Physics 231:7170-7186. DOI: https://doi.
org/10.1016/j.jcp.2012.06.037

Mehta P, Schwab DJ. 2012. Energetic costs of cellular computation. PNAS 109:17978-17982. DOI: https://doi.
org/10.1073/pnas. 1207814109, PMID: 23045633

Mehta P, Lang AH, Schwab DJ. 2016. Landauer in the age of synthetic biology: energy consumption and
information processing in biochemical networks. Journal of Statistical Physics 162:1153-1166. DOI: https://doi.
org/10.1007/s10955-015-1431-6

Mehta P, Wang CH, Day AGR, Richardson C, Bukov M, Fisher CK, Schwab DJ. 2019. A high-bias, low-variance
introduction to Machine Learning for physicists. Physics Reports 810:1-124. DOI: https://doi.org/10.1016/j.
physrep.2019.03.001, PMID: 31404441

Munsky B, Trinh B, Khammash M. 2009. Listening to the noise: random fluctuations reveal gene network
parameters. Molecular Systems Biology 5:318. DOI: https://doi.org/10.1038/msb.2009.75, PMID: 19888213

Nicholson SB, Gingrich TR. 2023. Quantifying rare events in stochastic reaction-diffusion dynamics using tensor
networks. Physical Review X 13:041006. DOI: https://doi.org/10.1103/PhysRevX.13.041006

Nufez M, Vlachos DG. 2015. Steady state likelihood ratio sensitivity analysis for stiff kinetic Monte Carlo
simulations. The Journal of Chemical Physics 142:044108. DOI: https://doi.org/10.1063/1.4905957, PMID:
25637970

Owen JA, Horowitz JM. 2023. Size limits the sensitivity of kinetic schemes. Nature Communications 14:1280.
DOI: https://doi.org/10.1038/s41467-023-36705-8, PMID: 36890153

Parker M, Kamenev A. 2009. Extinction in the Lotka-Volterra model. Physical Review E 80:021129. DOI: https://
doi.org/10.1103/PhysRevE.80.021129

Paszke A, Gross S, Massa F, Lerer A, Bradbury J, Chanan G, Killeen T, Lin Z, Gimelshein N, Antiga L. 2019.
Advances in Neural Information Processing Systems. The MIT Press.

Paulsson J. 2005. Models of stochastic gene expression. Physics of Life Reviews 2:157-175. DOI: https://doi.org/
10.1016/j.plrev.2005.03.003

Phillips R, Kondev J, Theriot J, Garcia HG, Orme N. 2012. Physical Biology of the Cell. Garland Science. DOI:
https://doi.org/10.1201/9781134111589

Phillips R, Belliveau NM, Chure G, Garcia HG, Razo-Mejia M, Scholes C. 2019. Figure 1 theory meets figure 2
experiments in the study of gene expression. Annual Review of Biophysics 48:121-163. DOI: https://doi.org/
10.1146/annurev-biophys-052118-115525, PMID: 31084583

Pineda-Krch M. 2008. GillespieSSA: implementing the gillespie stochastic simulation algorithm in r. Journal of
Statistical Software 25:1-18. DOI: https://doi.org/10.18637/jss.v025.i12

Qian H. 2007. Phosphorylation energy hypothesis: open chemical systems and their biological functions. Annual
Review of Physical Chemistry 58:113-142. DOI: https://doi.org/10.1146/annurev.physchem.58.032806.104550,
PMID: 17059360

Raj A, van Oudenaarden A. 2008. Nature, nurture, or chance: stochastic gene expression and its consequences.
Cell 135:216-226. DOI: https://doi.org/10.1016/j.cell.2008.09.050, PMID: 18957198

Razo-Mejia M, Barnes SL, Belliveau NM, Chure G, Einav T, Lewis M, Phillips R. 2018. Tuning transcriptional
regulation through signaling: a predictive theory of allosteric induction. Cell Systems 6:456-469. DOI: https://
doi.org/10.1016/j.cels.2018.02.004, PMID: 29574055

Rijal K, Muller NIC, Friauf E, Singh A, Prasad A, Das D. 2024. Exact distribution of the quantal content in synaptic
transmission. Physical Review Letters 132:228401. DOI: https://doi.org/10.1103/PhysRevLett.132.228401,
PMID: 38877921

Rijal K. 2025. Differentiable-gillespie-algorithm. swh:1:rev:c9740a695c52¢1d76f260a7a46bbbcab18354380.
Software Heritage. https://archive.softwareheritage.org/swh:1:dir:08774b99052909603a3bab334e7933a4
23ae2378;origin=https://github.com/Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm;visit=
swh:1:snp:2e545b727197b305618e3886e6e345f9ebbbbc?6;anchor=swh:1:rev:c9740a695c52c1d76f260a7a
46bbbcab18354380

Rolski T, Schmidli H, Schmidt V, Teugels JL. 2009. Stochastic Processes for Insurance and Finance. John Wiley &
Sons. DOI: https://doi.org/10.1002/9780470317044

Sanchez A, Choubey S, Kondev J. 2013. Regulation of noise in gene expression. Annual Review of Biophysics
42:469-491. DOI: https://doi.org/10.1146/annurev-biophys-083012-130401, PMID: 23527780

Sanchez A, Golding I. 2013. Genetic determinants and cellular constraints in noisy gene expression. Science
342:1188-1193. DOI: https://doi.org/10.1126/science.1242975, PMID: 24311680

Schoenholz S, Cubuk ED. 2020. JAX MD: A framework for differentiable physics. Advances in Neural Information
Processing Systems 33:11428-11441.

Rijal and Mehta. eLife 2025;14:RP103877. DOI: https://doi.org/10.7554/eLife.103877 18 of 30


https://doi.org/10.7554/eLife.103877
https://doi.org/10.1038/nphys2276
http://www.ncbi.nlm.nih.gov/pubmed/22737175
https://doi.org/10.1103/PhysRevLett.113.148103
http://www.ncbi.nlm.nih.gov/pubmed/25325665
https://doi.org/10.1103/PhysRevX.9.031041
https://doi.org/10.1073/pnas.94.3.814
https://doi.org/10.1073/pnas.94.3.814
http://www.ncbi.nlm.nih.gov/pubmed/9023339
https://doi.org/10.1016/j.jcp.2012.06.037
https://doi.org/10.1016/j.jcp.2012.06.037
https://doi.org/10.1073/pnas.1207814109
https://doi.org/10.1073/pnas.1207814109
http://www.ncbi.nlm.nih.gov/pubmed/23045633
https://doi.org/10.1007/s10955-015-1431-6
https://doi.org/10.1007/s10955-015-1431-6
https://doi.org/10.1016/j.physrep.2019.03.001
https://doi.org/10.1016/j.physrep.2019.03.001
http://www.ncbi.nlm.nih.gov/pubmed/31404441
https://doi.org/10.1038/msb.2009.75
http://www.ncbi.nlm.nih.gov/pubmed/19888213
https://doi.org/10.1103/PhysRevX.13.041006
https://doi.org/10.1063/1.4905957
http://www.ncbi.nlm.nih.gov/pubmed/25637970
https://doi.org/10.1038/s41467-023-36705-8
http://www.ncbi.nlm.nih.gov/pubmed/36890153
https://doi.org/10.1103/PhysRevE.80.021129
https://doi.org/10.1103/PhysRevE.80.021129
https://doi.org/10.1016/j.plrev.2005.03.003
https://doi.org/10.1016/j.plrev.2005.03.003
https://doi.org/10.1201/9781134111589
https://doi.org/10.1146/annurev-biophys-052118-115525
https://doi.org/10.1146/annurev-biophys-052118-115525
http://www.ncbi.nlm.nih.gov/pubmed/31084583
https://doi.org/10.18637/jss.v025.i12
https://doi.org/10.1146/annurev.physchem.58.032806.104550
http://www.ncbi.nlm.nih.gov/pubmed/17059360
https://doi.org/10.1016/j.cell.2008.09.050
http://www.ncbi.nlm.nih.gov/pubmed/18957198
https://doi.org/10.1016/j.cels.2018.02.004
https://doi.org/10.1016/j.cels.2018.02.004
http://www.ncbi.nlm.nih.gov/pubmed/29574055
https://doi.org/10.1103/PhysRevLett.132.228401
http://www.ncbi.nlm.nih.gov/pubmed/38877921
https://archive.softwareheritage.org/swh:1:dir:08774b99052909603a3bab334e7933a423ae2378;origin=https://github.com/Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm;visit=swh:1:snp:2e545b727f97b3056f8e3886e6e345f9eb6b6c96;anchor=swh:1:rev:c9740a695c52c1d76f260a7a46bbbcab18354380
https://archive.softwareheritage.org/swh:1:dir:08774b99052909603a3bab334e7933a423ae2378;origin=https://github.com/Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm;visit=swh:1:snp:2e545b727f97b3056f8e3886e6e345f9eb6b6c96;anchor=swh:1:rev:c9740a695c52c1d76f260a7a46bbbcab18354380
https://archive.softwareheritage.org/swh:1:dir:08774b99052909603a3bab334e7933a423ae2378;origin=https://github.com/Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm;visit=swh:1:snp:2e545b727f97b3056f8e3886e6e345f9eb6b6c96;anchor=swh:1:rev:c9740a695c52c1d76f260a7a46bbbcab18354380
https://archive.softwareheritage.org/swh:1:dir:08774b99052909603a3bab334e7933a423ae2378;origin=https://github.com/Emergent-Behaviors-in-Biology/Differentiable-Gillespie-Algorithm;visit=swh:1:snp:2e545b727f97b3056f8e3886e6e345f9eb6b6c96;anchor=swh:1:rev:c9740a695c52c1d76f260a7a46bbbcab18354380
https://doi.org/10.1002/9780470317044
https://doi.org/10.1146/annurev-biophys-083012-130401
http://www.ncbi.nlm.nih.gov/pubmed/23527780
https://doi.org/10.1126/science.1242975
http://www.ncbi.nlm.nih.gov/pubmed/24311680

e Llfe Research article

Cell Biology | Physics of Living Systems

Sheppard PW, Rathinam M, Khammash M. 2012. A pathwise derivative approach to the computation of
parameter sensitivities in discrete stochastic chemical systems. The Journal of Chemical Physics 136:034115.
DOI: https://doi.org/10.1063/1.3677230, PMID: 22280752

Srivastava R, Anderson DF, Rawlings JB. 2013. Comparison of finite difference based methods to obtain
sensitivities of stochastic chemical kinetic models. The Journal of Chemical Physics 138:074110. DOI: https://
doi.org/10.1063/1.4790650, PMID: 23445000

Strand NE, Vroylandt H, Gingrich TR. 2022. Computing time-periodic steady-state currents via the time
evolution of tensor network states. The Journal of Chemical Physics 157:054104. DOI: https://doi.org/10.1063/
5.0099741, PMID: 35933195

Thanh VH, Zunino R, Priami C. 2018. Efficient finite-difference method for computing sensitivities of biochemical
reactions. Proceedings of the Royal Society A 474:20180303. DOI: https://doi.org/10.1098/rspa.2018.0303

Tian T, Xu S, Gao J, Burrage K. 2007. Simulated maximum likelihood method for estimating kinetic rates in gene
expression. Bioinformatics 23:84-91. DOI: https://doi.org/10.1093/bioinformatics/btl552, PMID: 17068087

Van Kampen NG. 1992. Stochastic Processes in Physics and Chemistry. Elsevier.

Villaverde AF, Frohlich F, Weindl D, Hasenauer J, Banga JR. 2019. Benchmarking optimization methods for
parameter estimation in large kinetic models. Bioinformatics 35:830-838. DOI: https://doi.org/10.1093/
bioinformatics/bty736, PMID: 30816929

Wei J, Chu X, Sun X, Xu K, Deng H, Chen J, Wei Z, Lei M. 2019. Machine learning in materials science. InfoMat
1:338-358. DOI: https://doi.org/10.1002/inf2.12028

Wilkinson DJ. 2018. Stochastic Modelling for Systems Biology. Chapman and Hall/CRC. DOI: https://doi.org/10.
1201/9781351000918

Wong E, Hajek B. 2012. Stochastic Processes in Engineering Systems. Springer Science & Business Media. DOI:
https://doi.org/10.1007/978-1-4612-5060-9

Wong F, Gunawardena J. 2020. Gene regulation in and out of equilibrium. Annual Review of Biophysics
49:199-226. DOI: https://doi.org/10.1146/annurev-biophys-121219-081542, PMID: 32375018

Zoller B, Gregor T, Tkacik G. 2022. Eukaryotic gene regulation at equilibrium, or non? Current Opinion in
Systems Biology 31:100435. DOI: https://doi.org/10.1016/].coisb.2022.100435, PMID: 36590072

Rijal and Mehta. eLife 2025;14:RP103877. DOI: https://doi.org/10.7554/eLife.103877 19 of 30


https://doi.org/10.7554/eLife.103877
https://doi.org/10.1063/1.3677230
http://www.ncbi.nlm.nih.gov/pubmed/22280752
https://doi.org/10.1063/1.4790650
https://doi.org/10.1063/1.4790650
http://www.ncbi.nlm.nih.gov/pubmed/23445000
https://doi.org/10.1063/5.0099741
https://doi.org/10.1063/5.0099741
http://www.ncbi.nlm.nih.gov/pubmed/35933195
https://doi.org/10.1098/rspa.2018.0303
https://doi.org/10.1093/bioinformatics/btl552
http://www.ncbi.nlm.nih.gov/pubmed/17068087
https://doi.org/10.1093/bioinformatics/bty736
https://doi.org/10.1093/bioinformatics/bty736
http://www.ncbi.nlm.nih.gov/pubmed/30816929
https://doi.org/10.1002/inf2.12028
https://doi.org/10.1201/9781351000918
https://doi.org/10.1201/9781351000918
https://doi.org/10.1007/978-1-4612-5060-9
https://doi.org/10.1146/annurev-biophys-121219-081542
http://www.ncbi.nlm.nih.gov/pubmed/32375018
https://doi.org/10.1016/j.coisb.2022.100435
http://www.ncbi.nlm.nih.gov/pubmed/36590072

e Llfe Research article

Cell Biology | Physics of Living Systems
Appendix 1

Balancing accuracy and stability: hyperparameter tradeoffs

In this section, we explore the tradeoffs involved in tuning the hyperparameters a and b in the DGA.
These hyperparameters are crucial for balancing the accuracy and numerical stability of the DGA in
approximating the exact Gillespie algorithm.

The hyperparameter a~! controls the steepness of the sigmoid function used to approximate the
Heaviside step function in reaction selection. Similarly, 5! determines the sharpness of the Gaussian
function used to approximate the Kronecker delta function in abundance updates. A larger value of
a ' or b ! results in a steeper sigmoid or Gaussian function, thus more closely approximating the
discrete functions in the exact Gillespie algorithm.

Accuracy of the forward DGA simulations

To assess the impact of these hyperparameters on the accuracy of the DGA, we measure the ratio
of the Jensen-Shannon divergence between the DGA-generated PDF ppga and the exact PDF
Pexact, normalized by the entropy H(pexact) of the exact steady-state PDF (see Equation 9). This
ratio, %‘W provides a measure of how closely the DGA approximates the exact Gillespie
algorithm.

Appendix 1—figure 1 shows the ratio J%D as a function of the sharpness parameters ' and b .
In panel (a), b~ lis fixed at 20, and a Vs varied. In panel (b), a"lis fixed at 200, and b~ lis varied.
Some key insights can be drawn from these plots.

First, as alorp™! increases, the ratio JSTD decreases, indicating that the DGA's approximation
becomes more accurate. This is because steeper sigmoid and Gaussian functions better mimics
the discrete steps of the exact Gillespie algorithm. Interestingly, while the ratio decreases for both
parameters, a~ | plateaus at high values, whereas b~ ! rises at high values. This plateau occurs because
the sigmoid function used for reaction selection becomes so steep that it effectively becomes a step
function, beyond which further steepening has negligible impact. As b~ ! becomes very large, the
width of the Gaussian function used for abundance updates becomes extremely narrow. In such a
scenario, it becomes increasingly improbable for the chosen reaction index to fall within this narrow
width, especially because the reaction indices are not exact integers but are instead near-integer
continuous values. Therefore, as b~ ! becomes very large, the discrepancy between the DGA-

generated probabilities and the exact probabilities widens, causing the ratio JSTD to increase.
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Appendix 1—figure 1. In panels (a) and (b), we plot the ratio of the Jensen-Shannon divergence

JSD (pDGAIIpZ;act) between the differentiable Gillespie PDF ppga and the exact steady-state PDF pexact, and
the Shannon entropy H(pgxact) of the exact steady-state PDF, as a function of the two sharpness parameters 1/a
and 1/b. In panel (a), 1/b = 20; in panel (b), 1/a = 200. The simulation time is set to 10. In panels (c) and (d), for
these same values, we show the gradient VL; of the loss function L with respect to the parameter r near the
true parameter values. In all the plots, the values of the rates are: k§n =0.5, kEﬁ‘ =1,r=10, and v = 1. 5000
trajectories are used to obtain the PDFs, while 200 trajectories are used to obtain the gradients.

Stability of the backpropagation of DGA simulations

Numerical stability for gradient computation is crucial. Therefore, it is important to examine how the
gradient behaves as a function of the hyperparameters. Panels (c) and (d) of Appendix 1—figure
1 provide insights into this behavior. The plots show the gradient VL, of the loss function L with
respect to the parameter r near the true parameter values. The gradients are computed for the
loss function in Equation 11 with (m) and o, equal to 8 and 2.5, respectively, for the parameter
values kgn =0.5, kORff =1, r =10, and y = 1. With these parameter values, the true mean and standard
deviation are equal to 6.67 and 3.94, respectively.

As a~ ! or b~ ! increases, the gradients become more accurate, but their numerical stability can
be compromised. This is evidenced by the increased variability and erratic behavior in the gradients
at very high sharpness values (see Appendix 1—figure 1). Hence, very large values of a~! or 5™
lead to oscillations and convergence issues, highlighting the need for a balance between accuracy
and stability.

The tradeoff between accuracy and numerical stability is evident. This necessitates careful tuning
of a and b to ensure stable and efficient optimization. In practice, this involves selecting values that
provide sufficient approximation quality without compromising the stability of the gradients.
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Appendix 2
Implementation of the DGA in PyTorch

This section explains the implementation of the DGA used to simulate the two-state promoter
model. The implementation can be adapted to any model where the stoichiometric matrix and
propensities are known. The model involves promoter state switching and mRNA production/
degradation (Figure 3a), and the algorithm is designed to handle these sub-processes effectively.

Stoichiometric matrix:
The stoichiometric matrix is a key component in modeling state changes due to reactions. Each row
represents a reaction, and each column corresponds to a state variable (promoter state and mRNA
level). The matrix for the two-state promoter model includes:

e Reaction 1: Promoter state transitions from the OFF state (-1) to the ON state (+1).

e Reaction 2: Production of mRNA.

e Reaction 3: Promoter state transitions from the ON state (+1) to the OFF state (-1).

e Reaction 4: Degradation of mRNA.
The stoichiometric matrix S for this model is:

2 0

0 1
S=

-2 0

0o -1

In this matrix, the rows correspond to the reactions listed above, and the columns represent the
promoter state and mRNA level, respectively.

Propensity calculations:

The levels vector is a two-dimensional vector where the first element represents the promoter state
(=1 or +1) and the second element represents the mRNA number m. Propensities are the rates at
which reactions occur, given the current state of the system. In our PyTorch implementation, the
propensities are calculated using the following expressions:

propensities = torch.stack ([
kon * torch.sigmoid(-c * levels[0]),
# Promoter state switching from -1 to +1
r * torch.sigmoid(-c * levels[O0]),
# mRNA production
torch.sigmoid(c * levels[0]),
# Promoter state switching from +1 to -1
g * levels [1]
# mRNA degradation
1)

Each propensity corresponds to a different reaction:

e Promoter state switching from -1 to +1: The value of kon * torch.sigmoid(-c *
levels[0]) is around kORn when the levels[0] (promoter state) is around -1 and close
to zero when levels[0] is around +1. The sigmoid function ensures a smooth transition,
allowing differentiability and preventing abrupt changes in rates. The constant ¢ controls the
sharpness of the sigmoid function.

e mRNA production: The rate is proportional to r and modulated by the same sigmoid function,
torch.sigmoid(-c * levels[0]), such thatthe rate is equal to r only when the promoter
is in =1 state.

e Promoter state switching from +1 to —1: The rate is set to 1 and modulated by the sigmoid
function, torch.sigmoid(c * levels[0]), such that the rate is equal to 1 only when the
promoter is in +1 state.
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« mRNA degradation: The rate is proportional to the current mRNA level, g * levels [1],
reflecting the natural decay of mRNA with rate m-y.
Using the sigmoid function in the propensity calculations is crucial for ensuring smooth and
differentiable transitions between states. This smoothness is essential for gradient-based optimization
methods, which rely on continuous and differentiable functions to compute gradients effectively.
Without the sigmoid function, the propensity rates could change abruptly, leading to numerical
instability and difficulties in optimizing the model parameters.

Reaction selection function: We define a function reaction selection that selects the next
reaction to occur based on the transition points and a random number between [0,1]. The function
basically implements using Equation 6. The transition points are first calculated from the cumulative
sum of reaction rates normalized to the total rate.

Gillespie simulation function: The main gillespie simulation function uses the previously
described functions, each with specific roles, to perform the actual simulation step-by-step, as shown
in Figure 1. This function iterates through the number of simulations, updating the system’s state
and the propensities of each reaction at each step.

State jump function: We define another function state jump that calculates the state change
vector when a reaction occurs. It uses a Gaussian function to smoothly transition between states
based on the selected reaction index and the stoichiometry matrix (see Equation 8).
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Appendix 3

Estimating confidence intervals for parameters

In this section, we describe the methodology used to estimate the confidence intervals for the
parameters using polynomial fitting and numerical techniques. This approach uses the results of
multiple simulations to determine the range within which the parameter 6; is likely to lie, based on
the curvature of the loss function around its minimum value. Specifically, we perform the following

steps:

1.

. ldentifying minimum: Identify the valid minimum

Parameter initialization: Set up and initialize the necessary parameters. This includes defining

the number of evaluation points, the number of simulations, the simulation time, and the hyper-

-1 -1
parametersa” , b~ ', and c.

. Range generation: For each set of learned parameters 8, generate a range of values for the

parameter of interest 6; while keeping the other parameters fixed at their learned values. Let
the learned value of the parameter 6; be 6;. Then the range of evaluation is approximately
[0.26;,26;], depending on the flatness of the loss landscape around its minimum.

. Simulation and loss calculation: For each value in this range, perform forward DGA simulations

to calculate the mean and standard deviation of the results, using which the loss function is
computed and stored.

. Polynomial fitting: Fit a polynomial of degree 6 to the computed loss values across the range of

0;. Compute the first and second derivatives of the fitted polynomial to identify the minimum
and evaluate the curvature. ‘
0{™" of the loss function by solving for the roots

of the first derivative and filtering out the points where the second derivative is positive.

. Curvature and standard deviation calculation: Calculate the curvature of the loss landscape at its

minimum using its second derivative at the minimum. An estimation of the standard deviation
dp, of the parameter 6; is given by:

-1
o (7L
o=\ \ 02

(Cn

g=gmin

7.Confidenceinterval calculation: The loss functionis typically asymmetric around its minimum, with
the left side usually steeper than the right (see Appendix 3—figure 1). To determine the right error
bar, we use 6™ + 1.966,.. For the left error bar, we find the point where L(O™" — 6) = L(O™" + 1.9667,)
(see Appendix 3—figure 1). Therefore, the balanced 95% Cl for the parameter 6; is given by:

Clp, = [6™" — 5,60™" + 1.9665 ] (C2)

This methodology allows for a robust estimation of the confidence intervals, providing insights
into the reliability and precision of the parameter estimates.
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Appendix 3—figure 1. Error bars estimation for asymmetric loss function.
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Appendix 4

Demonstrating parameter degeneracy in the two-state promoter
model
We will now demonstrate the existence of degeneracy in the two-state promoter architecture.

Setting k5¢ = 1 in the analytical expressions for the mean (m) and the Fano factor f from Jones
et al., 2014, we have:

<m>_$.l
TR 41y o
f=1+ o .

Ro+1 iR+ 1+

We want to solve Equation D1 for r and ~. By isolating r in the expression for {m), we obtain:

r=(m)-v- (ke + 1) (D2)

Next, we substitute the expression for r from Equation D2 into the expression for the f in
Equation D1:

f=1+ koRn _<m>'7'(k§n+1)
KRo+1 KR+ 1+7

— +k§n'<m>'7
Ro+1+9

=S(f— 1) (kon + 1 +7) = kon - (m) -y

Expanding and isolating terms involving 7:

F= 1D kon + (= D+F— 1Dy =kon - (m) -y
Rearranging to solve for :
=D+ =1 kon =" Gkon - (m) —f+1)
Thus, we obtain:

=Dk + D

SRR (m) —f+ 1 ®3

We substitute back Equation 28 in Equation 23 to obtain r:

_(m)(f—1) - (ks + D?
TR ) 1 (b4

Equations D3 and D4 indicate that for any given ki, there exists a corresponding pair of values
for r and ~y that satisfy the equations. Therefore, the solutions are not unique, demonstrating a
high degree of degeneracy in the parameter space. This degeneracy arises because multiple
combinations of {r,7, kgn} can produce the same observable (m) and f. The lack of unique solutions
is a common issue in parameter estimation for complex systems, where different parameter sets can
lead to similar system behaviors.

Resolving degeneracy with known ,
To resolve the degeneracy, we can fix the value of . Now, if the rate v is known, we can solve

Equation D1 for the other parameters. Starting by rearranging the mean expression from Equation
D1:

K, = —1
v - {m) (D5)

Rijal and Mehta. eLife 2025;14:RP103877. DOI: https://doi.org/10.7554/eLife.103877 26 of 30


https://doi.org/10.7554/eLife.103877

e Llfe Research article

Cell Biology | Physics of Living Systems

Substituting Equation D5 in the expression of f in Equation D1, we have

_ L r=am) ry(m)
T e

=(f— Do+~ (m)) = (r — y(m))(y(m))

(D)
=r(f = 1= () = =7 (m)* = (F = 17 (m)
_ my’(m)+f =1
T )
Substituting Equation D6 into Equation D5, we obtain:
iR W(m+f=D
Yim) = f+1 ©7)

Equations D6 and D7 provide unique solutions for r and k&, given a known value of ~. By fixing
v, the degeneracy is resolved, and the remaining parameters can be accurately determined.
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Appendix 5

Estimating confidence intervals for (») and -~

To assess the reliability of the statistics predicted through DGA-based optimization, we calculate
error bars using the following procedure. For the non-degenerate situation, we use the learned
parameter values ka, and #, and perform forward DGA simulations with many different random
seeds. This generates multiple samples of the mean mRNA level (m) and the standard deviation op.
These samples provide us with the variability due to the stochastic nature of the simulations. The
95% Cls are then determined using their standard deviations, denoted as §,,) and ds,,. For the mean
mRNA level, the Cl is calculated as:

Clyyy = [(m) — 1.96 X 8,y (m) +1.96 X 6,1 (ET)
For the standard deviation of mRNA levels, the Cl is calculated as:

Cl,, = [6m — 1.96 X 80, 6m + 1.96 X 65, ] (E2)

Rijal and Mehta. eLife 2025;14:RP103877. DOI: https://doi.org/10.7554/eLife.103877 28 of 30


https://doi.org/10.7554/eLife.103877

e Llfe Research article

Cell Biology | Physics of Living Systems
Appendix 6

DGA-based optimization for experimental data and estimation of
errors

Optimization procedure
Given a set of measurements of the mean mRNA expression levels ({(m);) and the Fano factor (f7") for
promoters (lacUD5 and 5DL1), we construct a loss function as follows:

N N

L= (m)i— (m))* + > (@ — \[f7m))’ (F1)
i=1 i=1

where i runs over data points (each with a different lac repressor concentration), and (m); and 6" are
the mean and standard deviation obtained from a sample of DGA simulations. This loss function is
chosen because, at its minimum, (m); = (m); and 6" = \Lf 1 (m); for all i.

For the optimization, we set k¢ = 1 and focus on estimating the parameters {r,~, KRy During the
gradient-based optimization, the transcription rate r and the mRNA degradation rate y are assumed
to be the same for all data points i, while allowing k&, to vary across data points i. This reflects the
fact that kY, is a function of the lac repressor concentration, which is varied across data points.

Instead of kgn, we actually learn a transformed parameter pog = 1/(1 + koRn), which is the probability
for the promoter to be in the OFF state. This approach is based on our observation that the gradient
of the loss function with respect to po is more numerically stable compared to the gradient with
respect to kgn.

The parameters are initialized randomly as follows:

e ris initialized to a random number in [0, 100].

e 7 isinitialized to a random number between [0, 10].

e The pof values, which depend on the index i of the data points, are initially set as linearly

spaced points within the range [0.03, 0.97].

The hyperparameters used for the simulations are as follows:

e Number of simulations: 200

e Simulation time: 0.2

+ Steepness of the sigmoid function: a~' = 200.0

+ Sharpness of the Gaussian function: b~ = 20.0

e Steepness of the sigmoid in propensities: ¢ = 20.0
The parameters are iteratively updated to minimize the loss function. During each iteration of the
optimization, the following steps are performed:

1. Forward simulation: The DGA is used to simulate the system, generating predictions for the
mean mRNA levels and their standard deviations.

2. Loss calculation: The loss function is computed based on the differences between the simulated
and experimentally measured values of the mean mRNA levels and standard deviations (see
Equation F1).

3. Gradient calculation: The gradients of the loss function with respect to the parameters r, ~, and
k&, are calculated using backpropagation.

4. Parameter update: The ADAM optimizer updates the parameters in the direction that reduces
the loss function. ADAM adjusts the learning rates based on the history of gradients and their
moments. The learning rate used is 0.1.

The values of the parameters and the loss value are saved after each iteration. The parameter values
corresponding to the minimum loss after convergence are picked at the end.

Goodness of fit
To quantitatively assess the goodness of the fit, we define the mean percentage error (MPE) as
follows:

100% W—ﬂ"(
STV 2 i (F2)

i=1
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where f!" is the predicted Fano factor for the ith data point. This metric provides a measure of
the average discrepancy between the predicted and experimental Fano factors, expressed as a
percentage of the experimental values.

Error bars

The error bars in the ratio 7/4 are obtained by applying error propagation to the standard deviations
0r and &4 of the individual values # and 4. The propagated error is given by:

NNIAYNESS
173 (5)+ (%) )

where 0, and d are the standard deviations of # and 4, respectively. These standard deviations are
obtained using the curvature of the loss function, as discussed earlier.
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