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Abstract

Collection of high-throughput data has become prevalent in biology. Large datasets allow
the use of statistical constructs such as binning and linear regression to quantify relationships
between variables and hypothesize underlying biological mechanisms based on it. We discuss
several such examples in relation to single-cell data and cellular growth. In particular, we
show instances where what appears to be ordinary use of these statistical methods leads
to incorrect conclusions such as growth being non-exponential as opposed to exponential
and vice versa. We propose that the data analysis and its interpretation should be done in
the context of a generative model, if possible. In this way, the statistical methods can be
validated either analytically or against synthetic data generated via the use of the model,
leading to a consistent method for inferring biological mechanisms from data. On applying
the validated methods of data analysis to infer cellular growth on our experimental data, we
find the growth of length in E. coli to be non-exponential. Our analysis shows that in the

later stages of the cell cycle the growth rate is faster than exponential.
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1 Introduction

The last decade has seen a tremendous increase in the availability of high-quality large
datasets in biology, in particular in the context of single-cell level measurements. Such
data are complementary to “bulk” measurements made over a population of cells. They
have led to new biological paradigms and motivated the development of quantitative models
[1-7]. Nevertheless, they have also led to new challenges in data analysis, and here we
will point out some of the pitfalls that exist in handling such data. In particular, we will
show that the commonly used procedure of binning data and linear regression may hint
at specific functional relations between the two variables plotted that are inconsistent with
the true functional relations. As we shall show, this may come about due to the “hidden”
noise sources that affect the binning procedure and the phenomenon of “inspection bias”
where certain bins have biased contributions. One of our main take home messages is the
significance of having an underlying model (or models) to guide/test/validate data analysis
methods. The underlying model is referred to as a generative model in the sense that
it leads to similar data to that observed in the experiments. The importance of a so-
called generative model has been beautifully advocated in the context of astrophysical data
analysis [8], yet biology brings in a plethora of exciting differences: while in physics noise from
measurement instruments often dominates, in the biological examples we will dwell on here it
is the wntrinsic biological noise that can obscure the mathematical relation between variables
when not handled properly. In the following, we will illustrate this rather philosophical
introduction on a concrete and fundamental example, albeit e pluribus unum. We will focus
on the analysis of the Fscherichia coli growth curves obtained via high throughput optical
microscopy. Nevertheless we anticipate the conceptual points made here — and demonstrated
on a particular example of interest — will translate to other types of measurements, which

make use of microscopy but also beyond.
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Binning corresponds to grouping data based on the value of the x-axis variable, and find-
ing the mean of the fluctuating y-axis variable for this group. By removing the fluctuations
of the y-variable, the binning process often aims to expose the “true” functional relation
between the two variables which can be used to infer the underlying biological mechanism.
While binning may provide a smooth non-linear relation between variables, linear regression
is used to find a linear relationship between the variables. In addition to binning, we use
the ordinary least squares regression where the slope and the intercept of the best linear fit
line are obtained by minimizing the squared sum of the difference between the dependent
variable raw data and the predicted value. Here, the best fit/the best linear fit is obtained
using the raw data and not the binned data. Similar to binning, the assumption underlying
linear regression is that our knowledge of x-axis variable is precise while the noise is in the
y-axis variable.

It is important to discuss the sources of fluctuations in the y-axis variable before we
proceed. In biology, fluctuations in the variables arise inevitably from the intrinsic variability
within a cell population. Cells growing in the same medium and environment have different
characteristics (e.g., growth rate) due to the stochastic nature of biochemical reactions in
the cell [9]. For example, the division event is controlled by stochastic reactions, whose
variability leads to cell dividing at a size smaller or larger than the mean. In this paper,
when modeling the data, we will consider the intrinsic noise as the only source of variability
and assume that the measurement error is much smaller than the intrinsic variation in the
population.

One example of the use of binning and linear regression is shown in Figure 1A where size
at division (Lg4) vs size at birth (L) is plotted using experimental data obtained by Tanouchi
et al. for E. coli growing at 25°C [10]. In Figure 1A, the functional relation between length at
division and length at birth for E. coli is observed to be linear and close to Ly = Ly+ AL (see

Section 5.11.1 for details). The relation obtained allows us to hypothesize a coarse-grained
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biological model known as the adder model as shown in Figure 1B in which the length at
division is set by addition of length AL from birth [4, 11-16]. This previously discussed
example demonstrates and reiterates the use of statistical analysis on single-cell data to
understand the underlying cell regulation mechanisms. Using statistical methods such as
binning and linear regression, other phenomenological models apart from adder have also
been proposed in E. coli where the division length (Ly) is not directly “set” by that at birth
[17-19]. The phenomenological models, in turn, can be related to mechanistic (molecular-
level) models of cell size and cell cycle regulation [20]. Recent work has shed light on the
subtleties involved in interpreting the linear regression results for the Ly vs L; plot where
seemingly adder behavior in length can be obtained from a sizer model (division occurring
on reaching a critical size) due to the interplay of multiple sources of variability [21]. This
issue is similar in spirit to those we highlight here.

The volume growth of single bacterial cells has been typically assumed to be exponential
[4, 14, 22-25]. Assuming ribosomes to be the limiting component in translation, growth is
predicted to be exponential and growth rate depends on the active ribosome content in the
cell [26-28]. Under the assumption of exponential growth, the size at birth (L), the size at

division (Lg4), and the generation time (7}) are related to each other by,

ln(i—':) = N1y, (1)

where A is the growth rate. Understanding the mode of growth is important e.g., due to
its potential effects on cell size homeostasis. Exponentially growing cells cannot employ a
mechanism where they control division by timing a constant duration from birth but such
a mechanism is possible in case of linear growth [3, 13, 29|. Linear regression performed
on ln(ﬁ—:) vs (A\)Ty plot, where (\) is the mean growth rate, was used to infer the mode

of growth in the archaeon H. salinarum [16]|, and in the bacteria M. smegmatis [30] and
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C. glutamicum [31], for example. If the best linear fit follows the y=x trend, the resulting
functional relation might point to growth being exponential. A corollary to this is the
rejection of exponential growth when the slope and intercept of the best linear fit deviate from
one and zero respectively [31]. Thus, binning and linear regression applied on single-cell data
appear to provide information about the underlying biology, in this case, the mode of cellular
growth. We will test the validity of such inference by analyzing synthetic data generated
using generative models. We find that linear regression performed on the plot ln(’z—j) Vs
(M) Ty, surprisingly, does not provide information about the mode of growth. Nonetheless,
we show that other methods of statistical analysis such as binning growth rate vs age plots
are adequate in addressing the problem. Using these validated methods on experimental

data, we find that E. coli grows non-exponentially. In later stages of the cell cycle, the

growth rate is higher than that in early stages.

2 Statistical methods like binning and linear regression
should be interpreted based on a model.

To illustrate the pitfalls associated with binning, we use data from recent experiments on F.
coli where the length at birth, the length at division and the generation time were obtained
for multiple cells (see Section 5.1 and [32]). Phase-contrast microscopy was used to obtain
cell length at equal intervals of time. Note that we consider length to reflect cell size in
this paper rather than other cell geometry characteristics such as surface area and volume.
The length growth rate that we elucidate in the paper can be different from the cell volume
growth rate as shown in Appendix 1 assuming a simple cell morphology and exponential
growth. Using the same cell morphology, we also find the length growth rate to be identical
to cell surface growth rate. To investigate if the cell growth was exponential, we plotted

ln(’i—‘bl) vs (A\)Ty for cells growing in M9 alanine minimal medium at 28°C ((7;) = 214 min).
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The linear regression of these data yields a slope of 0.3 and an intercept of 0.4 as shown in
Figure 2A. The binned data and the best linear fit deviate significantly from the y=x line
(see Table S2). Additionally, the binned data follows a non-linear trend and flattens out
at longer generation times. We also found similar deviations in the binned data and best
linear fit in glycerol medium ((7;) = 164 min) shown in Figure 2- figure supplement 1A, and
glucose-cas medium ((7;) = 65 min) shown in Figure 2- figure supplement 1B. Qualitatively
similar results have been recently obtained for another bacterium, C. glutamicum, in Ref.
[31]. These results might point to growth being non-exponential.

Next we will approach the same problem but with a generative model. We will first
show that the ln(]z—Z) vs (A)Ty binned plot could not distinguish exponential growth from
non-exponential growth. For that purpose, we use a previously studied model [16] which
considers growth to be exponential with the growth rate distributed normally and indepen-
dently between cell cycles with mean growth rate (\) and standard deviation C'Vy(\). C'V,
is thus the coefficient of variation (CV) of the growth rate and is assumed to be small. To
maintain a narrow distribution of cell size, cells must employ regulatory mechanisms. In
our model, we assume that, barring the noise due to stochastic biochemical reactions, cells
attempt to divide at a particular size Ly given size at birth L,. Keeping the model as generic
as possible, we can write Ly as a function of Ly, f(L;) which can be thought of as a coarse-
grained model for the regulatory mechanism. Ref. [13]| provides a framework to capture the
regulatory mechanisms by choosing (L) = 2L, *L§. Ly is the typical size at birth and «,
which can take values between 0 and 2, reflects the strength of regulation strategy. a = 0
corresponds to the timer model where division occurs on average after a constant time from
birth, and o = 1 is the sizer model where a cell divides upon reaching a critical size. o =
1/2 can be shown to be equivalent to the adder model where division is controlled by addi-
tion of constant size from birth [13]. In addition to the deterministic function (f) specifying

division, the size at division is affected by noise (%) in division timing. We assume it has
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a Gaussian distribution with mean zero and standard deviation N and that it is indepen-
dent of the growth rate. Thus, the generation time (7;) can be mathematically written as

T =

iln(f(f:)) + & and is influenced by growth rate noise and division timing noise. Note

that replacing the time additive division timing noise with a size additive division timing
noise will not affect the results qualitatively (see Sections 5.2 and 5.3 for details and Table
S1 for variable definitions).

For perfectly symmetrically dividing cells whose sizes are narrowly distributed, we find

the trend in the binned data for In(%2) vs (A\)T} plot to be (see Section 5.4),

b

1 - &
y=z |1+ ) : (2)

2 o2
L+ 2—a CVZIn?(2)

Fixing C'V\ = 0, = 0.15, we show using simulations in Figure 2C the non-linear trend in the
binned data even though we assumed exponential growth. Similarly, on performing linear
regression on the raw data of ln(é—:) vs (A\)Ty plot, we find that the slope of the best linear
fit is not equal to one and the intercept is non-zero (see Eqs. 27 and 28 and Figure 2C).
Eq. 2 shows that the trend in the binned data depends on the ratio of growth rate noise
and division timing noise. The slope is equal to one and intercept is zero only if the noise
in growth rate is negligible as compared to the division timing noise. In experiments that is
rarely the case, hence, the binned data trend and the best linear fit deviate from the y=x
line even though growth might be exponential. Thus, we cannot rule out exponential growth
in the F. coli experiments despite the binned data trend being non-linear and the best-fit
line deviating from the y=x line.

Why does a non-linear relationship in the binned data for the plot ln(i—;‘) vs (A\)Ty arise
even for exponential growth? According to the model, L, is determined by a deterministic
strategy, f(Ly) and a time/size additive division timing noise. The noise component which

affects Ly and subsequently the quantity In(#4) is thus the noise in division timing and not

Lg
Ly
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the growth rate. The generation time (T}) plotted on the x-axis is influenced by the noise in
division timing as well as the noise in growth rate. Binning assumes that for a fixed value of
the x-axis variable, the noise from other sources affects only the y-axis variable (the binned
variable). Similarly for linear regression, the underlying assumption is that the independent
variable on x-axis is precisely known while the dependent variable on the y-axis is influenced
by the independent variable and from external factors other than the independent variable.
In this case, only (\)T, plotted on x-axis is influenced by growth rate noise while both (\)T

and ln(L—‘:) are influenced by noise in division time. This does not fit the assumption for

binning and linear regression and hence, the best linear fit for ln(L—j) vs (A\)Ty plot might
deviate from the y=x line even in the case of exponential growth.

Another way of explaining the deviation from the linear y=x trend is by inspection bias,
which arises when certain data is over-represented [33|. Cells which have a longer generation
time than the mean will most likely have a slower growth rate. Thus, in Figure 2A and
Figure 2C, at larger values of (AT} or Ty, the bin averages are biased by slower growing
cells, thus making ln(’z—j) or \Ty to be lower than expected. This provides an explanation
for the flattening of the trend.

It follows from the previous discussion that if one bins data by ln(i—:) then the assumption
for binning is met. Both of the variables (A\)T}; and ln(é—‘;) are influenced by the noise in
division time but (A)7y plotted on the y-axis is also influenced by the growth rate noise.
Thus, the y-axis variable, (A\)T} is determined by the x-axis variable, ln(’é—:), and an external
source of noise, in this case, the growth rate noise. Thus, based on our model, we expect
the trend in binned data and linear regression performed on the interchanged axes to follow
the y=x trend for exponentially growing cells (see Section 5.4). Indeed, on interchanging the
axis and plotting (\)7y vs ln(i—‘j) for synthetic data, we find that the trend in the binned
data and the best linear fit closely follows the y=x line (Figure 2D). We also find that the

best linear fit follows the y=x line in the case of alanine (Figure 2B), glycerol (Figure 2-
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figure supplement 1A) and glucose-cas (Figure 2- figure supplement 1B). A change from
non-linear behavior to that of linear on interchanging the axes is also observed in a related
problem where growth rate (A) and inverse generation time (%d) are considered (Figure 2-
figure supplement 2 and Section 5.10).

Thus far, we showed for a range of models where birth controls division that the binned

data trend for In(74) as function of (A\)T} is non-li

L_d i
in the case of exponential growth. On interchanging the axes the binned data trend agrees
with the y=x line independent of the growth rate and division time noise. However, we will
show next that this agreement with the y=x trend cannot be used as a “smoking gun” for
inferring exponential growth from the data.

To investigate this further, let us consider linear growth, which has also been suggested

to be followed by E. coli cells [34, 35]. The underlying equation for linear growth is,

Lg— Ly = NTy, (3)

dL
' dt e

where )\ is the the elongation speed i.e. For cells growing linearly, the best linear fit
for the plot (A\)T, vs In( ‘Z) is expected to deviate from the y=x line. As before, we fix (\)
to be the mean of ln( ), agnostic of the linear mode of growth. Surprisingly, we found
that for the class of models where birth controls division by a strategy f(L;) and cells grow
linearly, the best linear fit for (\)7, vs ln( ) agrees closely with the y=x trend. On carrying
out analytical calculations based on this model, we obtain the slope and the intercept of the
(AN Ty vs In(2e ¢) plot to be 21In(2) &~ 1.04 and -0.03 respectively, which is very close to that
for exponential growth (see Section 5.6). This is shown for simulations of linear growth with
cells following an adder model in Figure 3A. Given no information about the underlying

model, Figure 3A could be interpreted as cells undergoing exponential growth contrary to

the assumption of linear growth in simulations. Thus, when handling experimental data,

10
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cells undergoing either exponential or linear growth might seem to agree closely with the
y=x trend. Deforet et al. [36] used the linear binned data trend in case of (A\)Ty vs ln(é—:)
plot to infer exponential growth but as we showed in this section, the linear trend does not
rule out linear growth. This again reiterates our message of having a generative model to
guide the data analysis methods such as binning and linear regression. For completeness, we
also test the utility of ln(ﬁ—‘Z) vs (Ty) A and its interchanged axes plots to elucidate the mode
of growth (Appendix 2). We find that binning and linear regression applied on these plots
can not differentiate between exponential and linear growth.

To conclude the discussion of linear growth, we note that the natural plot for this growth
regime is (i) Ty vs lq — I, and the plot obtained on interchanging the axes (see Section 5.5
and Figure 3- figure supplements 1A, 1B). Here [, I; and A, are defined to be quantities
Ly, Ly and X, respectively, normalized by the mean length at birth. For cells growing
exponentially, the best linear fit for the (\;,)Ty vs I — I, plot is expected to deviate from the
y=x line. This is indeed what is observed in Figure 3- figure supplement 1C where simulations
of exponentially growing cells following the adder model are presented (see Section 5.6 for
extended discussion).

In all of the cases above, the problem at hand deals with distilling the biologically relevant
functional relation between two variables. However, the data is assumed to be subjected to
fluctuations of various sources, and it is important to ensure that the statistical construct we
are using (e.g. binning) is robust to these. How can we know a priori whether the statistical
method is appropriate and a "smoking gun" for the functional relation we are conjecturing?
The examples shown above suggest that performing statistical tests on synthetic data ob-
tained using a generative model is a convenient and powerful approach. Note that in cases
such as the ones studied here where analytical calculations may be performed, one may not

even need to perform any numerical simulations to test the validity of the methods.
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3 Growth rate vs age plots are consistent with the un-
derlying growth mode.

In the last section, we showed that the plots ln(i—‘:) vs (AT and (A\)Ty vs In(%4) are not

b
decisive in identifying the mode of growth. Recent works on B. subtilis [37] and fission yeast

[38] have used differential methods of quantifying growth namely growth rate (= %) vs

age plots and elongation speed (:%) vs age plots to probe the mode of growth within a
cell cycle. Here, L denotes the size of the cell after time ¢ from birth in the cell cycle and
age denotes the ratio of time ¢ to T, within a cell cycle (hence it ranges from 0 to 1 by
construction within a cell cycle). In this section, using various models of cell growth and
cell cycle, we test the growth rate vs age method. Note that the growth rate vs age and
the elongation speed vs age plots are not dimensionless unlike the previous plots. Using the
growth rate vs age and elongation speed vs age plots, we aim to quantify the growth rate
changes within a cell cycle. For cells assumed to be growing exponentially, growth rate is
constant throughout the cell cycle. On averaging over multiple cell cycles, the trend of binned
data is expected to be a horizontal line with value equal to mean growth rate which is indeed
what we find in the numerical simulations of the adder and the adder per origin model [17],
as shown in Figure 3B. The binned data trend in each of the models matches the theoretical
predictions of growth rate (shown as dotted lines). In contrast, for linearly growing cells, the
elongation speed is expected to remain constant. We show this constancy using numerical
simulations of linearly growing cells following the adder model (Figure 3- figure supplement
3A). In accordance with this result, the growth rate is expected to decrease with cell age as

A . This is verified in Figure 3B by again using the numerical simulations of linear

_ 1
1+age
growth with cells following the adder model. The binned data trend for linear growth (green

1
1+age

squares) matches the theoretical predictions of A (green dotted line).

Thus, the two growth modes (exponential and linear) could be differentiated using the

12
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growth rate vs age plot (for details see Section 5.7). However, the growth rate vs age plots
can be used to infer the mode of growth beyond the two discussed above. We show this by
using simulations of cells following the adder model and undergoing faster than exponential
or super-exponential growth (see Section 5.11.2 for details). In such a case, the growth rate is
expected to increase. This increase in growth rate is shown in Figure 3B using simulations.
The binned data trend (red triangles) again matches the growth rate mode used in the
simulations (red dotted line). Thus, the growth rate vs age plots are a consistent method to
distinguish linear from exponential and super-exponential growths.

Using the validated growth rate vs age plots, we obtained the growth rate trend for
experimental data on E. coli for the three growth conditions studied in this paper (Figures
4A-4C). We found an increase in growth rate in all growth conditions during the course of
the cell cycle. One may wonder whether such an increase may be explained by the E. coli
morphology alone, due to the presence of hemispherical poles. For exponentially growing cell
volume and considering a geometry of E. coli with spherical caps at the poles, the percentage
increase in the growth rate of length over a cell cycle is around 3% which is significantly
smaller than that observed in our experimental data. Considering cell size trajectories (cell
size, L at time, t data) where cell lengths were tracked beyond the cell division event (by
considering cell size in both daughter cells), we also found that the growth rate decreases close
to division (age ~ 1) and returns to a value nearly equal to that observed at the beginning
of cell cycle (age ~ 0) as shown in Figure 4- figure supplements 1A-1C (see Section 5.7 for
extended discussion).

The above question of mode of growth within a cell cycle can also be analyzed in relation
to a specific event. Several studies have pointed to a change in growth rate at the onset of
constriction [39, 40]. This change in growth rate can be probed using growth rate vs time
plots where time is taken relative to the onset of constriction as shown in Figure 4- figure

supplement 2. These plots show a decrease in growth rates at the two extremes of the plot.
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These decreases are due to inspection bias, where the growth rate trend is affected by the
biased contribution of cells with a higher than average generation time or equivalently slower
growth rate (see Section 5.8 for extended discussion). Inspection bias is also observed when
timing is considered relative to other cell events such as cell birth (see Section 5.8 and Figure
3- figure supplements 2C, 2D).

It might not always be possible to obtain growth rate trajectories as a function of time/cell

aM

o) as a

age. Godin et al. instead obtained the instantaneous biomass growth speed (
function of its buoyant mass (M) [22]. On applying linear regression for instantaneous

mass growth speed vs mass, we expect the slope of the best linear fit obtained to provide

1dM

7 g )) under the assumption of exponential growth while for

the average growth rate ((
linear growth the intercept provides the average growth speed. Using this method, biomass
was suggested to be growing exponentially. This method can be applied to study the length
growth rate within the cell cycle by plotting elongation speed as a function of length [41]. We
find that the binned data trend and the best linear fit of this plot follow the expected trend
for linear and exponential growth as shown in Figure 3- figure supplement 3B and Figure 3-
figure supplement 3D, respectively, for a cell cycle model where division is controlled via an
adder mechanism from birth. However, the trend obtained appears to be model-dependent
as shown in Figure 3- figure supplement 3F where the underlying cell cycle model used in
the simulations is the adder per origin model. For this model, the binned data trend is
found to be non-linear with the growth rate speeding up at large sizes, despite the synthetic
data being generated for perfectly exponential growth. This non-linear trend can lead to
growth rate being misinterpreted as non-exponential within the cell cycle (see Section 5.9
for details). Thus, an analysis using the elongation speed vs size plot must be accompanied
with an underlying cell cycle model.

In summary, we found that the growth rate vs age plot was a consistent method to

determine the changes in growth rate within a cell cycle. Unlike the growth rate vs age
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plots, the inference from the growth rate vs size plots was found to be model-dependent.
Using the growth rate vs age plots, we show that the length growth of E. coli can be faster

than exponential.

4 Discussion

Statistical methods such as binning and linear regression are useful for interpreting data and
generating hypotheses for biological models. However, we show in this paper that predicting
the relationships between experimentally measured quantities based on these methods might
lead to misinterpretations. Constructing a generic model and verifying the statistical analysis
on the synthetic data generated by this model provides a more rigorous way to mitigate these
risks.

In the paper, we provide examples in which ln(%i) vs (A\)Ty and (\)Ty vs ln(ﬁ—j) plots fail
as a method to infer the mode of growth. The binned data trend and the best linear fit for
the ln(ﬁ—‘Z) vs (A\)Ty plot was found to be dependent upon the noise parameters in the class
of models where birth controlled division (Equation 2). We also show that (A7, vs ln(%j)
plot could not differentiate between exponential and linear modes of growth (Figures 2D,
3A). Thus, we conclude that the best linear fit for the above plots might not be a suitable
method to infer the mode of growth but they are just one of the many correlations which
the correct cell cycle model should be able to predict.

We found growth rate vs age and elongation speed vs age plots to be consistent methods
to probe growth within a cell cycle. The method was validated using simulations of various
cell cycle models (such as the adder, and adder per origin model, where in the latter, control
over division is coupled to DNA replication) and the binned growth rate trend agreed closely
with the underlying mode of growth for the wide range of models considered (Figure 3B). In

the case of growth rate vs time plots, it was important to take into consideration the effects
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of inspection bias. We used cell cycle models to show the time regimes where inspection bias
could be observed (Figure 3- figure supplement 2). In the regime with negligible inspection
bias, we could reconcile the growth rate trend obtained using growth rate vs age (Figures 4A-
4C) and growth rate vs time plots (Figure 4- figure supplement 2). The authors in Ref. [31]
circumvent inspection bias in the elongation speed vs time from birth plots by focusing their
analysis on the time period from cell birth to the generation time of the fastest dividing cell.
The authors of Ref. [42]|, while investigating the division behavior in the cells undergoing
nutrient shift within their cell cycle, use both models and experimental data from steady-
state conditions to identify inspection bias. These serve as good examples of using models
to aid data analysis.

Statistics obtained from linear regression such as in Figure 1A help narrow down the
landscape of cell cycle models, but many have potential pitfalls lurking which might lead to
misinterpretations (Figure 2C, Figure 3A). There are additional issues beyond those concern-
ing linear regression and binning discussed here. For example, Ref. [43| discusses Simpson’s
paradox [44] where distinct cellular sub-populations might lead to erroneous interpretation
of cell cycle mechanisms. Examples of such distinct sub-populations are found in asymmet-
rically dividing bacteria such as M. smegmatis [30, 45]. Another source of misinterpretation
could arise from presence of measurement errors. Throughout this work, we deal with in-
trinsic noise and neglect measurement error. However, when measurement noise affects both
x-axis and y-axis variables, the slope of the best linear fit is biased towards zero. This can
lead to potentially related variables being misinterpreted as uncorrelated. Measurement er-
rors can however be handled based on a model. Using a model which includes measurement
error as a source of noise, we can guide the binning analysis. Using this methodology, we
verified that typical measurement errors (=~ 0.02L;) [31, 46] have negligible effects on the
growth rate trends obtained from the experimental data used in our work.

Single cell size in E. coli has been reported to grow exponentially [4, 14, 22-25|, linearly
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[34], bilinearly [47] or trilinearly [39]. These are inconsistent with our observations in Figures
4A-4C where we find that growth can be super-exponential. The non-monotonic behavior in
the fastest-growth condition is reminiscent of the results reported in Ref. [37] for B. subtilis.
The authors of Ref. [37] attribute the increase in growth rate to a multitude of cell cycle
processes such as initiation of DNA replication, divisome assembly, septum formation. In
the two slower growth conditions (Figures 4A-4B), we find that the growth rate increase
starts before the time when the septal cell wall synthesis starts i.e., the constriction event.
However, in the fastest growth condition (Figure 4C), the timing of growth rate increase
seems to coincide with the onset of constriction which is in agreement with previous findings
[39, 40].

It is important to distinguish between length growth and biomass growth. Ref. [4§]
measures biomass and cell volume and finds the mass-density variations within the cell-cycle
to be small. In this paper, since we observe the length growth to be non-exponential (Figure
4), it remains to be seen whether biomass growth also follows a similar non-exponential
behavior or if it is exponential as previously suggested [22, 48|.

In conclusion, the paper draws the attention of the readers to the careful use of statistical
methods such as linear regression and binning. Although shown in relation to cell growth,
this approach to data analysis seems ubiquitous. The general framework of carrying out data
analysis is presented in Figure 5. It proposes the construction of a generative model based on
the experimental data collected. Of course, we do not always know whether the model used
is an adequate description of the system. What is the fate of the methodology described here
in such cases? First, we should be reminded of Box’s famous quote “all models are wrong,
some are useful”. The goal of a model is not to provide as accurate a description of a system
as possible, but rather to capture the essence of the phenomena we are interested in and
stimulate further ideas and understanding. In our context, the goal of the model is to provide

a rigorous framework in which data analysis tools can be critically tested. If verified within
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the model, it is by no means proof of the success of the model and the method itself, and
further comparisons with the data may falsify it leading to the usual (and productive) cycle
of model rejection and improvement via comparison with experiments. However, if the best
model we have at hand shows that the data analysis method is non-informative, as we have
shown here on several methods used to identify the mode of growth, then clearly we should
revise the analysis as it provides us with a non-consistent framework, where our modeling is
at odds with our data analysis. Furthermore, testing the methods on a simplified model is
still advantageous compared with the option of using the methods without any validation.
To mitigate the risk of using irrelevant models, in some cases it may be desirable to test the
analysis methods on as broad a class of models as possible as we have done in the paper, for
example by our use of a general value of o to describe the size-control strategy within our
models. Thus, guided by the model, the data analysis methods can be ultimately applied to
experimental data and underlying functional relationships can be inferred. Reiterating the
message of the authors in Ref. [8], the data analysis using this framework aims to justify
the methods being used, thus, reducing arbitrariness and promoting consensus among the

scientists working in the field.

5 Methods

5.1 Experimental methods

Strain engineering: STK13 strain (AftsN::frt-Ypet-FtsN, AdnaN::frt-mCherry-dnaN) is
derivative of E. coli K12 BW27783 (CGSC+#: 12119) constructed by A-Red engineering [49]
and by P1 transduction [50]. For chromosomal replacement of ftsN with fluorescence deriva-
tive, we used primers carrying 40nt tails with identical sequence to the ftsN chromosomal

locus and a plasmid carrying a copy of ypet preceded by a kanamycin resistance cassette

flanked by frt sites (frt-kan-frt-Ypet-linker) as PCR template (a kind gift from R. Reyes-
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Lamothe McGill University, Canada; [51]). The resulting PCR product was transformed by
electroporation into a strain carrying the \-Red-expressing plasmid pKD46. Colonies were
selected by kanamycin resistance, verified by fluorescence microscopy and by PCR using
primers annealing to regions flanking ftsN gene. After removal of kanamycin resistance by
expressing the Flp recombinase from plasmid pCP20 [52|, we transferred the mCherry-dnaN
gene fusion (BN1682 strain; a kind gift from Nynke Dekker from TUDelft, The Nether-
lands, [53]) into the strain by P1 transduction. To minimize the effect of the insertion on
the expression levels of the gene we removed the kanamycin cassette using Flp recombinase
expressing plasmid pCP20.

Cells growth, preparation, and culturing E. coli in mother machine microflu-
idic devices: All cells were grown and imaged in M9 minimal medium (Teknova) supple-
mented with 2 mM magnesium sulfate (Sigma) and corresponding carbon sources at 28°C.
Three different carbon sources were used: 0.5% glucose supplemented by 0.2% casamino
acids (Cas) (Sigma), 0.3% glycerol (Fisher) and 0.3% alanine (Fisher) supplemented with 1x
trace elements (Teknova).

For microscopy, we used mother machine microfluidic devices made of PDMS (poly-
dimethylsiloxane). These were fabricated following to previously described procedure [54].
To grow and image cells in microfluidic device, we pipetted 2-3 ul of resuspended concen-
trated overnight culture of ODggg ~ 0.1 into main flow channel of the device and let cells to
populate the dead-end channels. Once these channels were sufficiently populated (about 1
hr), tubing was connected to the device, and the flow of fresh M9 medium with BSA (0.75
pug/ml) was started. The flow was maintained at 5 pul/min during the entire experiment by
an NE-1000 Syringe Pump (New Era Pump Systems, NY). To ensure steady-state growth,
the cells were left to grow in channels for at least 14 hr before imaging started.

Microscopy: A Nikon Ti-E inverted epifluorescence microscope (Nikon Instruments,

Japan) with a 100X (NA = 1.45) oil immersion phase contrast objective (Nikon Instru-
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ments, Japan), was used for imaging the bacteria. Images were captured on an iXon DU897
EMCCD camera (Andor Technology, Ireland) and recorded using NIS-Elements software
(Nikon Instruments, Japan). Fluorophores were excited by a 200W Hg lamp through an
NDS8 neutral density filter. A Chroma 41004 filtercube was used for capturing mCherry im-
ages, and a Chroma 41001 (Chroma Technology Corp., VT) for Ypet images. A motorized
stage and a perfect focus system were utilized throughout time-lapse imaging. Images in all
growth conditions were obtained at 4 min frame rate.

Image analysis: Image analysis was carried out using Matlab (MathWorks, MA) scripts
based on Matlab Image Analysis Toolbox, Optimization Toolbox, and Diplmage Toolbox
(https://www.diplib.org/). Cell lengths were determined based on segmented phase contrast
images. Dissociation of Ypet-FtsN label from cell middle was used to determine the exact
timing of cell divisions.

Further experimental details can also be found in Ref. [32].

5.2 Model

Consider a model of cell cycle characterized by two events: cell birth and division. In our
model, we assume that, barring the noise, cells tend to divide at a particular size v, given
size at birth v, via some regulatory mechanism. Hence, we can write vy as a function of
vp, f(vp). Ref. [13] provides a framework to capture the regulatory mechanisms by choosing
f(vy) = 21}2“‘1}8‘. vp is the typical size at birth and « captures the strength of regulation
strategy. o = 0 corresponds to the timer model where division occurs after a constant time
from birth, and o = 1 is the sizer where a cell divides on reaching a critical size. a = 1/2 can
be shown to be equivalent to an adder where division is controlled by addition of constant
size from birth [13|. From here on, we would be using the length of the cell (L, Lq, etc.) as
a proxy for size (vy, vq4, etc.). To reiterate, the length growth is not the same as cell volume

growth as shown in Appendix 1. All of the variable definitions are summarized in Table S1.
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We also define [, = % and l; = é—j> Using this, we can write the division strategy f(ly)
to be g = f(l,) = 2 I,~*. The total division size obtained will be a combination of f(l,) and
noise in the division timing, the source of which could be the stochasticity in biochemical
reactions controlling division.

We will assume that division is perfectly symmetric i.e., size at birth in the (n + 1)

: n+1
generation ([}

) is half of size at division in the n'® generation (I%). Using the size additive

division timing noise ((s(0, 04q)) and f(l,) specified above, we obtain,

Fusr = (1= a)z +1n <1+ 6(0,0m) )

2(1 4 x,)t

(4)

where z,, = In(I}}). Size at birth (L) is narrowly distributed, hence I, ~ 1 and we can write

x = In(ly) = In(1 4 §) where § is a small number. We obtain z < 1 and,
r~0 =1 —1. (5)

The size additive noise, (5(0, 0pq) is assumed to be small and has a normal distribution with
mean 0 and standard deviation o,4. Note that 0,4 is a dimensionless quantity. Since (5(0, opq)
is assumed to be small and z,, < 1, we can Taylor expand the last term of Equation 4 to

first order,

Cs((), Ubd)‘

. ()

Tpi~ (1 —a)z, +

Equation 6 shows a recursive relation for cell size and it is agnostic of the mode of growth.
We will show later for exponential growth that replacing the size additive noise with time

additive noise does not change the structure of Equation 6.
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5.3 Exponential growth

Next, we will try to obtain the generation time (T}) in the case of exponentially growing

cells. For exponential growth, the time at division 7} is given by,

1, Ly
Ty = Xln(l}_b> (7)

For simplicity, we will assume a constant growth rate (A) within the cell-cycle. Growth rate
is fixed at the start of the cell-cycle and is given by A = (\) + (A\)E(0,CVy), where (A) is
the mean growth rate and £(0, C'V}) is assumed to be small with a normal distribution that
has mean 0 and standard deviation C'V,. CV) denotes the coefficient of variation (CV) of
the growth rate. This captures the variability in growth rate within cells arising from the

stochastic nature of biochemical reactions occurring within the cell.

5.3.1 Size additive noise

Here we will calculate the generation time using the division strategy f(l;) and a size additive
division timing noise ((s(0,044)) as described previously. On substituting Ly = (f(ly) +

(s)(Ly) into Equation 7 we obtain,

1 2[2—@ + CS(O, O_bd)
W e oy N, ) ®)

T, =

where the size additive noise ((5(0,054)) is Gaussian with mean 0 and standard deviation

Opd-

The noise ((0, 0pq) is assumed to be small, and we obtain to first order,

Ty~ % (ln(2) —ax, + M) :

2(1 + x,)t
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Since z,, < 0, on Taylor expanding m to first order,

1
Ty~ X <ln(2) —ar, +

Cs(()? Ubd)

5 (1+(1- a)xn)> . (10)

Assuming noise in growth rate to be small and expanding to first order, we obtain,

1

szm

(11)

(ln(?) — azx, —In(2)£(0,CV)) + M) :

2

Equation 11 gives the generation time for the class of models where birth controls division

under the assumption that growth is exponential.

5.3.2 Time additive noise

Next, we ensure that the recursive relation for size at birth and the expression for the
generation time given by Equations 6 and 11, respectively, are robust to the nature of noise

assumed. In this section, the generation time is obtained using the division strategy f(l;) as

<

</\>). In such a case,

described previously along with a time additive division timing noise (

Ty is obtained to be,

Ty = l(ln(Q) —axy,) + C(?;\in)
¢(0,0n)

A
The time additive noise, SV is assumed to be small and has a normal distribution with

(12)

mean 0 and standard deviation % Note that o, is a dimensionless quantity.

Assuming noise in growth rate to be small, we find Ty to first order to be,

T, ~ <i> (In(2) — azy — In(2)E(0, CVA) + C(0, ). (13)

Equation 13 is same as Equation 11, if the time additive noise term, (0, 0,), in Equation
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12 is replaced by (,(0, 04)/2. Using Equation 13, the variance in T (07) is,

1 202
2 2 2 n
For exponential growth, we also find,
Lq
ln(L—) = Tpi1 — Tp +10(2) = \T}. (15)
b

On substituting Equation 12 into Equation 15 we obtain to first order,

Tpi1 =~ (1 - a)xn + C(Oa Un)' (16)

On replacing the time additive noise term, ¢(0,0,), in Equation 16 with (s(0, 04q)/2, we
recover the recursive relation for size at birth obtained in the case of size additive noise
shown in Equation 6. Hence, the model is insensitive to noise being size additive or time
additive with a simple mapping for going from one noise type to another in the small noise
limit.

At steady state, z has a normal distribution with mean 0 and variance o whose value is

given by,

%= ey (17)

We note that some of the derivations above have also been presented in Ref. [16], but are

provided here for completeness.
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5.4 Predicting the results of statistical constructs applied on ln(L—d)
s (T and (\)Ty vs ln(L—d)
5.4.1 Obtaining the best linear fit

Next, we calculate the equation for the best linear fit for the choice of ln(]z—Z) as y-axis and
(M) T, as x-axis and vice versa. For simplicity, in this section, we will consider time additive
division timing noise. However, the results obtained here will hold for size additive noise as
well because the model is robust to the type of noise added as shown in the previous section.

First, we calculate the correlation coefficient (pesp) for In(74) and time of division Ty,

Lq
Ly

In(< In La Td — Td
pwp:« (74) = (In())(Ts ¢ >)>’ (18)

010¢

where 07 is the standard deviation in ln(L—d) Using Equations 15 and 16 we obtain,

Lq

In (Lb) In(2) — az, + €(0,0y,). (19)

Substituting Equations 13 and 19 into the numerator of Equation 18,

Ly
Ly

)= ()T~ (T))

= ((—az, + ((0,0,))

((In(—

(—ax, —In(2)£(0,CVy) + ¢(0,0,))

As the terms ((0, 0,,), £(0,CV)) and x,, are independent of each other, (£(0, C'V,)((0,0,)) =
0, (€(0,CVy)x,) = 0 and (x,((0,0,)) = 0. Equation 20 simplifies to,

Lq
Ly

Ly 1

((In(=) - <1H(Lb)>)(Td—<Td>)>=(a20§+03)—- (21)
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The variance of ln(L—Z) obtained using Equation 19 is,

20
2 _ 2 2 2 _
o, =a0,+o,=

2 —a

Inserting Equations 14, 21 and 22 into Equation 18, we get,

Pexp = 1+ (1-9)In%(2)CvE

n

The slope of a linear regression line is given by,

o
Yy

m=p—,
O

(22)

(23)

(24)

where o, o, and p are the standard deviation of the x-variable, the standard deviation of

the y-variable and the correlation coefficient of the (x,y) pair, respectively. The intercept is,

¢ = (y) —m(x).

On the x-axis, we plot (\)Ty and the y-axis is chosen as In(

(my) can be calculated by,

]
my = pexpm~

On substituting the values we get,

1
(1-9)Im?(2)CVZ "
o

my =
1+

Only for CV, < o,, we would expect a slope close to 1.

26
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). The slope for this choice
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The intercept (cy) for the ln(L—d) vs (AT} plot is given by,

Ly 1

e = ((E)) = malNT) = 1a(2) | 1= — ey |- (28)
However, if we choose the x-axis as ln(L—d) and the y-axis is chosen as (\)T}y, we obtain the
slope my,
o (A
myy = pempﬁ- (29>
0y

On substituting the values we obtain m;; = 1 independent of the noise parameters and find

that the intercept is zero.

5.4.2 Non-linearity in binned data

In the Main text, for the plot ln(ﬁ—i) vs (A\)T}y, we find the binned data to be non-linear (see
Figure 2C of the Main text). In this section, we explain the non-linearity observed using the
model developed in the previous sections.

Binning data based on the x-axis means taking an average of the y-variable conditioned
on the value of the x-variable. Mathematically, this amounts to calculating Ey | x| i.e.,
the conditional expectation of the y-variable given that x is fixed. In our case, we need to

calculate E[ln(L—d) | (\Ty). In(£4) = AT} by definition of exponential growth, hence,

Lg
T
Lq

E[ln(— I

) [ INTa] = EXTy | (\)Tal. (30)

Since Ty is fixed, this is equivalent to calculating E[A | Ty]. Using Equation 13,

Joo I T2 Al €.0) 8(T — (5
foooofoooofoooopx5 C (Td_(h(l)\Q)

o~

E[\| T ALY
A Ty = 9 ) da dg dC (31)

x

—am <

)—a&— )5+L)dazd§d¢
_|_

p(z, &, ) is the joint probability distribution of  and noise parameters ¢ and (. Since, they
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are independent of each other, the joint distribution is product of the individual distributions
fi(z), f2(€) and f3(C), the distributions being Gaussian with mean 0 and standard deviation
oz, CVy and o,, respectively. o,, o, are related by Equation 17. Since z, &, and ( are
narrowly distributed around zero, the contribution from large positive or negative values is
extremely small. This ensures that T} is also close to its mean and non-negative despite the

limits of the integral being —oo to co. Using A = (\) + (M\)&(0, C'V,) in Equation 31,

EA [ T4
_<M<1+fijfmf;ﬁﬂ@hﬁﬁao50&—@&”—%%—“&“+éﬂ%hd€%)
(32)
On evaluating the integrals, we obtain,
1 (1/\>Td
n(2
EN| Ty =\ | 1+ —— . ”U% . (33)
L+ 2—a CVZ1n?(2) L+ 2—a CV21n?(2)
Thus, the trend of binned data is found to be,
L 1 e
Elln(=2) | (NT) = (\NTa | 1+ - ne . (34)

L 2 o5 2 o5
b L+57 CVZIn?(2) L+57 CVZIn2(2)

In the regime C'V) < o, , the last two terms on the RHS of Equation 34 vanish and the
binned data follows the trend y=x.

For the (\)T} vs ln(i—z) plot, we need to calculate E[(\)T} | ln(i—‘j)]. Using Equations 13

and 19, we obtain,

(NTs = (%) ~ n(2)E(0, OVA). (35)

b
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ln(i—‘j) is independent of £(0,CV)). Using this, we can write E[(\)T} | ln(L—d)] as,

EIOVT. 1n<§j>]
SETANT) £(€) Salin()) 6 (T2 — (n(E) —In(2)6)) d(NTy) dg

Fa(ln(E)) (36)

Note that the integral over (A\)T; goes from —oo to oo although (A\)T, cannot be negative.
As before, this is not an issue because we assume (A\)7, to be tightly regulated around In(2)
and the contribution to the integral from —oo to 0 is negligible. f4(ln(L—d)) denotes the
probability distribution for ln(’z—‘;), the distribution being Gaussian with mean In(2), and
standard deviation o; which is calculated in Equation 22. Putting the Gaussian form of

f2(€) into the integral and simplifying we get,

Lq Lq

B[N Ty | n(79)] = n(F2) (37

The trend of binned data to first order in noise and x is E[{(\)T | ln(é—:)] = In (L—d) This is

shown in Figure 2D of the Main text where the binned data follows the y=x line.

5.5 Linear growth

In this section, we will focus on finding the equation of the best linear fit for relevant plots
in the case of linear growth. The time at division for linear growth is given by,

Lq— Ly

T, = v

(38)

Note that A has units of [length/time| and is defined as the elongation speed. This is

different from the exponential growth rate which has units [1/time|. Here, we will work with
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the normalized length at birth (1) and division (I),

la— 1y
>\lin .

T, = (39)

Consider the normalized elongation speed to be A = (Niin) + (Nin)&1in (0, CVi 1in ), Where
(Aiin) is the mean normalized elongation speed for a lineage of cells and &;,,(0, C'V) i) is
normally distributed with mean 0 and standard deviation C'V), j;,,. Thus, the CV of elongation
speed is C'V) ;. The regulation strategy which the cell undertakes is equivalent to that in
previous sections and is given by g(l;) = 2+ 2(1 — «)(l, — 1). Note that we can obtain g(l})
by Taylor expanding f(l,) around [, = 1. Using the regulation strategy g(l,) and adding a

size additive noise (4(0, opq) which is independent of [,, we find,

2420 —a)(ly — 1) +G(0,000) — I
B (Nin) (1 + &in (0, C Vi)

Ty (40)

Note that we chose size additive division timing noise ((s(0,044)) for convenience in this
section. However, it can be shown as done previously that the model is robust to the noise
in division timing being size additive or time additive. Assuming that the noise terms

&1in (0, CVy i) and (5(0, 044) are small, we obtain to first order,

T, ~ (1—=2a)(l, —1)+1 +<§s(0>, opa) — &in(0, CVA,zm)‘ (41)
lin

The terms Iy, (5(0,0p4) and &, (0, CV) i) are independent of each other. The standard

deviation of Ty (0;) can be calculated to be,

(1 —2a)%0? + 02, + CV/\%M
<)\lin>2 .

(42)

g, =
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Assuming perfectly symmetric division and using I} = g(I}') +(s(0, 0pq), we find the recursive

relation for I}’ to be,
=1 =20 =1 = (1 = 2a)l) + 2a + (0, o). (43)

Note that Equation 43 is the same as Equation 6 under the approximation x,, =[] — 1. At
steady state, the standard deviation of [, is denoted by o}, and using Equation 43 its value

is obtained to be,
2 O-Zd (44)
o = ————.
" 4a(2 - a)

Similarly, the standard deviation of ;-1 or equivalently A, T, denoted by 07 :,, is calculated

to be,
9 da+1

= 40&(2 o O[) Obd- (45)

Ollin =

For linear growth, a natural plot is lg-ly vs (N\jn)Ty (reminiscent of the ln(i—f) vs (A\)Ty plot
for exponential growth). To calculate the slope of the best linear fit, we have to calculate

the correlation coefficient py;, given by,

(g =1y = {la = 1p)) (Nin)Ta — {((Piin) Ta)))

<)\zm>01,zm0t

Again using the independence of terms ly, (5(0,0pq) and &, (0, C'V i) from each other, we

get,

Dlin = (1= 20)%0} + 04y __Ouin (47)
o (Min)O11in 0t (Nin)ot

The slope of best linear fit for the plot l; — I, vs (M) Ty is given by,

Ollin 1
Ml lin = Plin T = - 48
' <)\lin>0't 1+ CV%”?;&_ﬁ;a) ( )
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The intercept ¢y i, is found to be,

1
Citgin = (la = lo) — M iin{(Niin) Ta) = 1 — CVZ,, da(2—a) (49)
1 + Alin

o2,(4a+1)

On flipping the axis, the slope (my:,) for the plot (A, )Ty vs lg — I, is obtained to be,

A in) 0
Mt lin = le< tn) O = 1. (50)
Ol,lin
The intercept ¢ i, is found to be,
cttin = ((Niin) Ta) — Mg iin(la — lp) = 0. (51)

The best linear fit for the (A;,) Ty vs Iy — [, plot follows the trend y=x.

Simulations of the adder model for linearly growing cells were carried out. The deviation
of the best linear fit for the I; — I, vs (A\n)Ty plot from the y=x line is shown in Figure 3-
figure supplement 1A, while in Figure 3- figure supplement 1B, the best linear fit for the plot

(Miin) Ty vs lg — 1y is shown to agree with the y=x line.

5.6 Differentiating linear from exponential growth

In this section, we explore the equation for the best linear fit of (A, )Ty vs Iy — [, plot in
the case of exponential growth and (\)7y vs ln(i—:) plot for linear growth. Intuitively, we
expect the best linear fit in both cases to deviate from the y=x line. In this section, we will
calculate the best linear fit explicitly. Surprisingly, we will find that, in the case of linear
growth, the best linear fit for the (\)7} vs ln(ﬁ—:) plot follows the y=x line closely.

Let us begin with exponential growth with growth rate, A = (\) + (A\)&(0,CV)) as

defined previously. Again, £(0,CV,) has a normal distribution with mean 0 and standard
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deviation C'V), it being the CV of the growth rate. The time at division is given by Equation

ln(2)> ~ In(2)

7. The average growth rate (\) = (777) ~ T

For exponential growth, we will plot
(Min)Tq vs lg—lp. As previously defined, (A\;;,) is the mean normalized elongation speed and
Nin) = () ~ ﬁ (\iin) is related to (A) by,

()

(Niin) = )

(52)

lq — lp can be calculated by using the regulation strategy f(l,) introduced in Section 5.2 and
a normally distributed size additive noise ((0, 0p4). Note that we have chosen the noise in
division timing to be size additive. However, the model is robust to the choice of type of

noise as we showed in Section 5.3. Using Equations 5 and 6 we obtain,
=17~ 1+ (1 —2a)x, + ((0,00). (53)

Using Equation 11, (\;,)T}, is obtained to be,

ax (s(0, 0pa)

</\lin>Td =1- 111(2) - §<Oa O‘/)\) + 21H(2) .

(54)

To calculate the expression for my; i, the slope of the best linear fit for (\;;,)Ty vs lq—1; plot,
we first calculate py;, given by Equation 46. The expression for 0, (standard deviation of

la — lp) and o, (standard deviation of T,) are found to be,

Ttiin = (1= 20)%07% + a3y, (55)
1 oo Obd
2 z \2 2 2
= CV, — : 56
T Dn)? ( () T T Gy ) (56)
o, is related to o, via Equation 17. In Section 5.3, we also showed that o, = %¢. Using
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these, we can write,

2 O-gd (57)
Oa = 4a(2 — )’

Now using the expressions for oy, 0;,, and the fact that z, £(0,CV)) and (s(0,04q) are

independent of each other, we get,

(2a—1)ao? Ugd
_l’_
In(2) 21n(2)
P <)\zm>0'l,zm<7t ( )
For the plot (A\n)Ty vs g — Iy, the slope my i, is given by,

o) Eoshort

lin n(2 21n(2
Myt lin = Plin : = < 3 @ . (59)

Inserting Equation 55 into Equation 59 and substituting o2 given by Equation 57, we obtain,

1 3o
Mitlin = 7747

In(2) 4+ 1

(60)

The intercept cy 1y, is found to be,

1 3o

=\ VT — inllg— 1) =1— .
Cttin = (M) Ta) — Mutin(la — lb) In(2) 40 + 1

(61)

For the adder model (a = %), we get the value of slope m, 11 = 215(2) ~ (0.7213 and intercept

Clingt = 1 — ﬁ(g) ~ 0.279. This is different from the best linear fit obtained for same
regulatory mechanism controlling division in linearly growing cells where we found that the
best linear fit follows the y=x line. Intuitively, we expect the best linear fit of (A, )Ty vs
lq—1, plot to deviate from y=x line in the case of exponential growth. We showed analytically

that for a class of models where birth controls division, it is indeed the case. This is also

shown using simulations of the adder model in Figure 3- figure supplement 1C.
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In Section 5.4.1, we found the best linear fit for (\)7T, vs ln(i—‘:) plot to follow the y=x
line for exponentially growing cells where division is regulated by birth event via regulation
strategy f(l;). Next, we calculate the equation for the best linear fit of (A\)7}, vs ln(ﬁ—‘;’)
plot given growth is linear. The model for division control will be same as that in Section
5.5 i.e., the regulation strategy for division is given by g(l,) = 2+ 2(1 — a)(l, — 1) which
is also equivalent to f(l,). The linearly growing cells grow with elongation speed A;, =
(Nin) (14 &in (0, CV\ 1in)). As discussed before, &;,,(0, CV) i) has a normal distribution with
mean 0 and standard deviation CV) jy,, it being the CV of the elongation speed. Using

Equations 5 and 6, we get,

L
in(E) Z n2) — agn 4 0900 (62)
Ly, 2
Using Equations 5 and 52, we obtain from Equation 41,
(MNTy =1In(2) + (1 — 20) In(2)x + In(2) (0, 0pa) — In(2)&3n (0, CV i) (63)

Since x, & (0, CV) 1) and (5(0, 0pg) are uncorrelated, the standard deviation of ln(i—‘i) and

T, denoted by o0; and o, respectively are calculated to be,

2 929 Ugd
O'l = O':B—FT, (64)
In2(2
(ft? = <>\(>2) (1 - 2(1)203 + agd + CVilin). (65)

We calculate the correlation coefficient for the pair (ln(i—j), (\)Ty). Since the correlation
coefficient is unaffected by multiplying one of the variables with a positive constant, we can

calculate the correlation coefficient for the pair (ln(i—i), Ty) O pexp as given by Equation 18.
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Using the independence of terms z, &, (0, CV) i) and (s(0, opa),

In(2)(02(2a — 1)a + "%)‘

exp — 66
p D </\>Ul0t ( )
For the plot (\)Ty vs ln(i—‘;), the slope my; of the best linear fit is given by,
2
o) In(2)(0%(2a — 1) + 22
My = Pexp t< > = ( )( ( ) 2 ) (67)
] 0;
Inserting Equation 64 into Equation 67 and using Equation 57, we get,
3
M =g In(2) ~ 1.0397. (68)
Similarly the intercept (¢;;) for the plot (A7} vs ln(é—z) is found to be,
Ly 3
ar = ((N)Ty) — mlt(ln(L—)) =1In(2)(1 — 3 In(2)) =~ —0.0275. (69)
b

This is very close to y=x trend obtained for the same regulatory mechanism controlling

division in exponentially growing cells (Figure 3A).

5.7 Growth rate vs age and elongation speed vs age plots.

Lg
Ly

In the previous sections, we found that binning and linear regression on the plot In(7¢) vs
(A\)Ty, and the plot obtained by interchanging the axes, were inadequate to identify the mode
of growth. In this section, we try to validate the growth rate vs age plot as a method to
elucidate the mode of growth.

In addition to cell size at birth and division and the generation time, cell size trajectories

(cell size, L vs time from birth, ¢) were obtained for multiple cell cycles. In our case, the cell

size trajectories were collected either via simulations (in Figure 3B) or from experiments (for
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Figures 4A-4C) at intervals of 4 min. Note that if the measurements were to be carried out
at equal length intervals instead of time, the results discussed in the paper would still remain
1 L{+A)—L(?)

unchanged. For each trajectory, growth rate at time t or age 7% is calculated as 0] s

where At is the time between consecutive measurements. To obtain elongation speed vs

age plots, the formula before needs to be replaced with W

The growth rate is
interpolated to contain 200 points at equal intervals of time for each cell trajectory. The
growth rate trends appear to be robust with regards to a different number of interpolated
points (from 100 to 500 points). To obtain the growth rate trend as a function of cell age, we
use the method previously applied in Ref. [37]. In this method, growth rate is binned based
on age for each individual trajectory (50 bins) and the average growth rate is obtained in
each of the bins. The binned data trend for growth rate vs age is then found by taking the
average of the growth rate in each bin over all trajectories. Binning the growth rate for each
trajectory ensures that each trajectory has an equal contribution to the final growth rate
trend so as to avoid inspection bias. This step is especially important when data collected
at equal intervals of time is analyzed. In such a case, cells with larger generation times
have a greater number of measurements than cells with smaller generation times. Obtaining
the growth rate trend without binning growth rate for each trajectory would have biased
the binned data trend for the growth rate vs age plot to a smaller value because of over-
representation by slower-growing cells (or equivalently cells with longer generation time).
This bias towards lower growth rate values in the growth rate vs age plots is an instance of
inspection bias.

In Figures 4A-4C, we find the growth rate obtained from E. coli experiments to change
within the cell cycle. In the two slower growth media (Figures 4A, 4B), the growth rate is
found to increase with cell age while for the fastest growth media (Figure 4C) the growth
rate follows a non-monotonic behaviour similar to that observed in Ref. [37] for B. subtilis.

Abrupt changes in growth rate are reported at constriction in Refs. [39, 40]. We find that the
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growth rate changes start before constriction in the two slower growth conditions considered.
One possibility is that this increase is due to preseptal cell wall synthesis [55]. Preseptal cell
wall synthesis does not require activity of PBP3 (Ftsl) but instead relies on bifunctional
glycosyltransferases PBP1A and PBP1B that link to FtsZ via ZipA. One hypothesis that
can be tested in future works is that at the onset of constriction, activity from PBP1A
and PBP1B starts to gradually shift to the PBP3/FtsW complex and therefore no abrupt
change in growth rate is observed. In the fastest growth condition (glucose-cas medium), we
find that the increase in growth rate approximately coincides with onset of constriction, in
agreement with the previous findings [39, 40].

In Figures 4A-4C, the growth rate trends are not obtained for age close to one. This

L(Ty+At)—L(Ty
At

is because growth rate at age = 1 is given by L(le) ) and this requires knowing
the cell lengths beyond the division event (L(7; 4+ At)). To estimate growth rates at age
close to one, we approximate L(Ty + At) to be the sum of cell sizes of the two daughter
cells. In order to minimize inspection bias, we considered only those cell size trajectories
which had L(t) data for 12 min after division (corresponding to an age of approximately
1.1). However, the growth rate trends in all three growth media were robust with regards to
a different time for which L(t) was considered (4 min to 20 min after division). We use the
binning procedure discussed before in this section. To validate this method, we applied it
on synthetic data obtained from the simulations of exponentially growing cells following the
adder and the adder per origin model. Cells were assumed to divide in a perfectly symmetric
manner and both of the daughter cells were assumed to grow with the same growth rate,
independent of the growth rate in the mother cell. The growth rate trends for the two
models considered (adder and adder per origin) are expected to be constant even for cell age
> 1. We found that the growth rate trends were indeed approximately constant as shown in

Figure 4- figure supplement 1D. We also considered linear growth with division controlled via

an adder model. The daughter cells were assumed to grow with the same elongation speed,
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independent of the elongation speed in the mother cell. In this case, we expect the elongation
speed trend to be constant for cell age > 1. This is indeed what we observed as shown in the
inset of Figure 4- figure supplement 1D. We used this method on E. coli experimental data
and found that the growth rate trends obtained for the three growth conditions (Figure 4-
figure supplements 1A-1C) were consistent with that shown in Figures 4A-4C in the relevant
age ranges. For cell age close to one, we found that the growth rate decreased to a value
close to the growth rate near cell birth (age =~ 0) for all three growth conditions considered.

In summary, we find that the growth rate vs age plots are a consistent method to probe

the mode of cell growth within a cell cycle.

5.8 Growth rate vs time from specific event plots are affected by
inspection bias

To probe the growth rate trend in relation to a specific cell cycle event, for example cell birth,
growth rate vs time from birth plots are obtained for simulations of exponentially growing
cells following the adder model. In the growth rate vs time from birth plot, the rate is found
to stay constant and then decrease at longer times (Figure 3- figure supplement 2C) even
though cells are exponentially growing. Because of inspection bias (or survivor bias), at later
times, only the cells with larger generation times (or slower growth rates) “survive”. The
average generation time of the cells averaged upon in each bin of Figure 3- figure supplement
2C is shown in Figure 3- figure supplement 2D. The decrease in growth rate in Figure 3-
figure supplement 2C occurs around the same time when an increase in generation time is
observed in Figure 3- figure supplement 2D. Thus, the trend in growth rate is biased towards
lower values at longer times. The problem might be circumvented by restricting the time on
the x-axis to the smallest generation time of all the cell cycles considered [31].

To check for growth rate changes at constriction, we used plots of growth rate vs time
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from constriction (t—T7,,). Growth rate trends obtained from E. coli experimental data show
a decrease at the edges of the plots (Figure 4- figure supplements 2A, 2C, and 2E). These
deviate from the trends obtained using the growth rate vs age plots (Figures 4A-4C). To
investigate this discrepancy, we use a model which takes into account the constriction and
the division event. Currently it is unknown how constriction is related to division. For the
purpose of methods validation, we use a model where cells grow exponentially, constriction
occurs after a constant size addition from birth, and division occurs after a constant size
addition from constriction. Note that other models where constriction occurs after a constant
size addition from birth while division occurs after a constant time from constriction, as well
as a mixed timer-adder model proposed in Ref. [40], lead to similar results. We expect the
growth rate trend to be constant for exponentially growing cells. However, we find using
numerical simulations that it decreases at the plot edges both before and after the constriction
event (Figure 3- figure supplement 2A). This decrease can be attributed to inspection bias.
The average growth rate in time bins at the extremes are biased by cells with smaller growth
rates. This is shown in Figure 3- figure supplement 2B where the average generation time
for the cells contributing in each of the bins of Figure 3- figure supplement 2A is plotted.
The time at which the growth rate decreases on both sides of the constriction event is close
to the time at which the average generation time increases. For example, in alanine medium,
the generation time for each of the bins is plotted in Figure 4- figure supplement 2B. The
average generation time for the cells contributing to each of the bins is almost constant for
the timings between -80 min to 20 min. Thus, for this time range the changes in growth rate
are not because of inspection bias but are a real biological effect. The behavior of growth
rate within this time range in Figure 4- figure supplement 2A is in agreement with the trend
in growth rate vs age plot of Figure 4A. On accounting for inspection bias, the growth rate
vs age plots agree with the growth rate vs time from constriction plots in other growth media

as well (Figure 4- figure supplement 2C, Figure 4- figure supplement 2E). Thus, growth rate
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vs time plots are also a consistent method to probe growth rate modulation in the time range

when avoiding the regimes prone to inspection bias.

5.9 Results of elongation speed vs size plots are model-dependent.

Cells assumed to undergo exponential growth have elongation speed proportional to their
size. In the case of exponential growth, the binned data trend of the plot elongation speed vs
size is expected to be linear with the slope of the best linear fit providing the value of growth
rate and intercept being zero. In this section, we use the simulations to test if binning and
linear regression on the elongation speed vs size plots are suitable methods to differentiate
exponential growth from linear growth [41].

To test the method, we generate cell size trajectories using simulations of the adder model

with a size additive division timing noise and assuming exponential growth. Elongation speed

L(t+At)—L(t)

N where At is the time between

at size L(t) is calculated for each trajectory as
consecutive measurements (= 4 min in our case). Each trajectory is binned into 10 equally
sized bins based on their cell sizes and the average elongation speed is obtained for each bin.
The final trend of elongation speed as a function of size is then obtained by binning (based
on size) the pooled average elongation speed data of all the cell cycles.

We find that the binned data trend is linear with the slope of the best linear fit close to the
average growth rate considered in the simulations (Figure 3- figure supplement 3D). This is
in agreement with our expectations for exponential growth. In order to check if this method
could differentiate between exponential growth and linear growth, we used simulations of
the adder model undergoing linear growth to generate cell size trajectories for multiple cell
cycles. For linear growth, elongation speed is expected to be constant, independent of its
cell size. The binned data trend for the elongation speed vs size plot is also obtained to be

constant for the simulations of linearly growing cells (Figure 3- figure supplement 3B). The

intercept of the best linear fit obtained is close to the average elongation speed considered in
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the simulations. The binned data trend for linear and exponential growth are clearly different
as shown in Figure 3- figure supplement 3B and Figure 3- figure supplement 3D, respectively,
and this result holds for a broad class of models where the division event is controlled by
birth and the growth rate (for exponential growth)/elongation speed (for linear growth) is
distributed normally and independently between cell-cycles.

Next, we consider the adder per origin cell cycle model for exponentially growing cells
[17]. In this model space, the cell initiates DNA replication by adding a constant size per
origin from the previous initiation size. The division occurs on average after a constant time
from initiation. For exponentially growing cells, the binned data trend is still expected to be
linear as before. Instead, we find using simulations that the trend is non-linear and it might
be misinterpreted as non-exponential growth (Figure 3- figure supplement 3F).

Thus, the results of binning and linear regression for the plot elongation speed vs size is

model-dependent.

5.10 Interchanging axes in growth rate vs inverse generation time

plot might lead to different interpretations.

So far, our discussion was focused on the question of mode of single-cell growth. A related
problem regards the relation between growth rate (A) and the inverse generation time (Tid)
On a population level, the two are clearly proportional to each other. However, single-cell
studies based on binning showed an intriguing non-linear dependence between the two, with
the two variables becoming uncorrelated in the faster-growth media. [25, 56]. Within the
same medium, the binned data curve for the plot A\ vs 7%1 flattened out for faster dividing
cells. The trend in the binned data was different from the trend of y= In(2)x line as observed

for the population means. A priori one might speculate that the flattening in faster dividing

cells could be because the faster dividing cells might have less time to adapt their division
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rate to transient fluctuations in the environment. Kennard et al. [56] insightfully also plotted

1
Ty

1
In(2)

line. These results are reminiscent of what we previously showed for the relation of ln(ﬁ—‘;’)

vs A and found a collapse of the binned data for all growth conditions onto the y = X

and (\)Ty.

In the following, we will elucidate why this occurs in this case using an underlying model
and predicting the trend based on it. We use simulations of the adder model undergoing
exponential growth. The parameters for size added in a cell cycle and mean growth rates
are extracted from the experimental data. CV of growth rate is assumed lower in faster-
growth media as observed by Kennard et al. Using this model, we could obtain the same
pattern of flattening at faster-growth conditions that is observed in the experiments (Figure
2- figure supplement 2A). The population mean for A and Tid follows the expected y=In(2)x
equation (shown as black dashed line) as was the case in experiments. Intuitively, such a
departure from the expected y=In(2)x line for the single cell data can again be explained by
determining the effect of noise on variables plotted on both axes. As previously stated Ty is
affected by both growth rate noise and noise in division timing while growth rate fluctuates
independently of other sources of noise. This does not agree with the assumption for binning
as noise in division timing affects the x-axis variable rather than the y-axis variable. In such
a case, the trend in the binned data might not follow the expected y=In(2)x line. However,
on interchanging the axes, we would expect the assumptions of binning to be met and the

trend to follow the y:ﬁx line (Figure 2- figure supplement 2B).

5.11 Data and simulations
5.11.1 Experimental data

Experimental data obtained by Tanouchi et al. [10] was used to plot Lg vs L, shown in

Figure 1A. E. coli cells were grown at 25°C in a mother machine device and the length at
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birth and division were collected for multiple cell cycles. Ly vs Ly plot was obtained using
these cells and linear regression performed on it provided a best linear fit.

Data from recent mother machine experiments on E. coli was used to make all other
plots. Details are provided in Section 5.1 and Ref. [32]. The experiments were conducted at
28°C in three different growth conditions - alanine, glycerol and glucose-cas (also see Section
5.1). Cell size trajectories were collected for multiple cell cycles and all of the data collected

were considered while making the plots in the paper.

5.11.2 Simulations

MATLAB R2021a was used for simulations. Simulations of the adder model for exponentially
growing cells were carried out over a single lineage of 2500 generations (Figures 2C, 2D,
Figure 3- figure supplement 1C). The mean length added between birth and division was
set to 1.73 pm in line with the experimental results for alanine medium. Growth rate was

variable and sampled from a normal distribution at the start of each cell cycle. The mean

growth rate was set to I?T(;), where (T;) = 212 min and coefficient of variation (CV) = CV),
= 0.15. The noise in division timing was assumed to be time additive with mean 0 and
standard deviation %, where 0, = 0.15. The binning data trends and the best linear fits
obtained using these simulations could be compared with the analytical results obtained in

Sections 5.4.2 and 5.6.

For simulations of linear growth (Figures 3A-3B, Figure 3- figure supplements 1A, 1B, 3A,

(Lqg—Ly)

T with the values

3B, Figure 4- figure supplement 1D), the mean growth rate was set to
of (Lqg — Lp) and (T}) used as mentioned previously. The noise in division timing was size
additive with standard deviation = 0.15(L,;). Noise was also considered to be size additive
with the same standard deviation for the simulations of exponentially growing cells shown

in Figure 3B, Figure 3- figure supplements 2C, 3C, 3D, and Figure 4- figure supplement 1D.

In the simulations of super-exponential growth carried over a single lineage of 2500 gen-
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erations (Figure 3B), the cells initially grew exponentially but in the later stages of the cell

cycle, the growth rate increased as,

dr

= = 2k(t — 1) (70)

where k was fixed to be T%; and t. was the time from birth at which the growth rate changed
from exponential to super-exponential growth. . was fixed to be half of the generation time
of the cell or equivalently an age of 0.5. The division size was set by the adder model with a
time additive noise with similar parameters as before for exponential growth simulations. The
exponential growth rate at the start of each cell cycle was drawn from a normal distribution
with mean set to %min‘l and CV = 0.15.

For Figure 3B, Figure 3- figure supplements 3E, 3F, Figure 4- figure supplement 1D,
simulations were carried out over a lineage of 2500 generations for exponentially growing cells
following the adder per origin model. In the simulations, the time increment is 0.01 min.
The initial condition for the simulations is that cells are born and initiate DNA replication
at time t=0 but the results are independent of initial conditions. The number of origins is
also tracked throughout the simulations beginning with an initial value of 2. Cells divide
into two daughter cells in a perfectly symmetrical manner (no noise in division ratio), and
one of the daughter cells is discarded for the next cell cycle. In simulations, the growth rate
was fixed within a cell cycle but varied between different cell cycles. On division, the growth
rate for that cell cycle was drawn from a normal distribution with mean (\) and coefficient of

variation (C'V)) whose values were fixed using the experimental data from alanine medium.

The total length at which the next initiation happens is determined by,

LEOt,next =L, + OA;;, (71)

where A;; is the length added per origin and O is the number of origins. To determine
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L5t Ay was drawn on reaching initiation length from a normal distribution. The mean
and CV of A;; was obtained from experiments done in alanine medium. In the adder per
origin model, division happens after a C+D time from initiation. The division length (L)
is obtained to be,

Lg = LieM¢D), (72)

In the simulations, once the initiation length was reached, the corresponding division oc-
curred a time C+D after initiation. C+D timings for each initiation event were again drawn
from a normal distribution with the same mean and CV as that of the experiments in alanine
medium.

For Figure 3- figure supplement 2A, cells were assumed to grow exponentially in the

simulations. The constriction length (L,) was set to be,

L, = Ly+ Ay, (73)

The length added (A,,) was assumed to have a normal distribution with the mean length
added between birth and constriction set to 1.18 pum and the CV = 0.23, in line with the

experimental results for alanine medium. The length at division was set as,

Ld = Ln + And' (74)

The length added (A,4) was also assumed to have a normal distribution with the mean
length added set to 0.53 um and the CV = 0.26, again in line with the experimental results
for alanine medium.

For Figure 3B, Figure 3- figure supplements 2A-2D, 3A-3F, Figure 4- figure supplement
1D, the cell sizes are recorded within the cell cycle at equal intervals of 4 min, similar to

that in the E. coli experiments of Ref. [32].
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For simulations shown in Figure 4- figure supplement 1D, the cell size trajectories are
obtained at intervals of 4 min beyond the current cell-cycle. The size after the division event
is said to be the sum of the sizes of the daughter cells. It is also further assumed that
the daughter cells are equal in size (perfectly symmetric division) and they both grow with
the same growth rate (for exponential growth) or elongation speed (for linear growth). The
growth rates/elongation speeds for the daughter cells are sampled from a normal distribution
with a mean and CV as discussed before. The cell size trajectories are recorded for 80 min
after the division event in the current cell cycle.

In Figure 2- figure supplement 2, simulations of the adder model for exponentially growing
cells were carried out until a population of 5000 cells was reached. The parameters for size
added in a cell cycle and mean growth rates were extracted from the experimental data [56].
The value of o, used in all growth conditions was 0.17 while C'V), decreased in faster growth
conditions (0.2 in the three slowest growth conditions, 0.12 and 0.07 in the second fastest

and fastest growth conditions respectively).
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Figure 1: Utility of binning and linear regression: A. Length at division (L,) vs length
at birth (L,) is plotted using data obtained by Tanouchi et al. [10]. Raw data is shown as
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behavior with an underlying equation given by L, = L, + AL, where AL is the mean size
added between birth and division (shown as black dashed line). B. A schematic of the adder
mechanism is shown where the cell grows over its generation time (7,) and divides after
addition of length AL from birth. This ensures cell size homeostasis in single cells.
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Figure 2: Plots that could potentially lead to misinterpreting exponential growth:
A, B. Data is obtained from experiments in M9 alanine medium ((7;) = 214 min, N = 816
cells). A. ln(é—‘Z) vs (A)Ty plot is shown. The blue dots are the raw data, the red correspond
to the binned data trend, the yellow line is the best linear fit obtained by performing linear
regression on the raw data and the black dashed line is the y=x line. A priori, non-linear
trend in binned data might point to growth being non-exponential. B. (A7, vs ln(ﬁ—Z)
plot is shown for the same experiments. C, D. Simulations of exponentially growing cells
following the adder model are carried out for N = 2500 cells. The parameters used are
provided in Section 5.11.2. C. ln(i—‘Z) vs (A\)Ty plot is shown. The trend in binned data
shown in red is non-linear and the best linear fit of raw data (yellow) deviates from the y=x
line (black dashed line). The black dotted line is the expected trend obtained from theory
(Equation 2). For parameters used in the simulations here, the black dotted line follows
In(2) = 1.26(\) Ty — 0.38((\)Ty)*. D. (AT vs In(7%) plot is shown with binned data in
red and the best linear fit on raw data in yellow closely following the expected trend of y=x
line (black dashed line). The theoretical binned data trend (black dotted line) is expected
to follow the y=x trend. In all of these plots, the binned data is shown only for those bins
with more than 15 data points in them. 56
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8 Appendix 1: Comparing length, surface area and vol-
ume growth rate

In the paper, we use cell length to represent cell size. However, other cell size characteristics
such as cell surface area and cell volume could also be used to denote cell size. How does
the growth rate vary with our choice of cell length, cell surface area, or cell volume to be the
cell size?

To study this, we assume a cell morphology as shown in Figure 1A-Appendix 1. We
assume that E. coli cells are cylindrical with hemispherical poles. The total length of the

cell is L with a radius R. The cell volume (V) is then,
2 2 53
V=nRL - xR (1-A1)

The morphology of the cell after constriction is also shown in Figure 1A-Appendix 1. The

volume in this case is,
2 4 3 2 2 2 .3
V =7nR L—gwR + 27 R*h — 2mh R+§7rh . (2-A1)

If we make the assumption that cell biomass grows exponentially and the total cell surface
area is coupled to the biomass [48], then cell surface area grows exponentially with time.
Using the morphology in Figure 1A-Appendix 1, the total surface area (S) before and after
constriction is,

S = 27RL. (3-Al)

Surprisingly, this is independent of h. Since the surface area is proportional to the cell
length (Equation 3-A1), the length growth is also exponential with an identical growth rate

as surface area growth, assuming the width of the cell is constant. The exponential growth
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1s3  of cell length is shown in Figure 1B-Appendix 1 using simulations where the cell surface is

1184

1185

assumed to grow exponentially. So, for this model of cell growth and morphology, the length

and the surface growth rates are found to be identical.
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Figure 1-Appendix 1: Length growth rate vs volume and surface area growth rate:
A. Cell morphology of E. coli used in the model is shown. The E. coli cells are assumed
to be cylindrical with hemispherical end caps. Before constriction, the cell elongates with
constant width (2R). However, after onset of constriction, the septum starts forming at the
mid-cell. B. Length growth rate as a function of age assuming that the total cell surface
area growth is exponential, and the radius is constant (R = 0.35 um). C. Length growth
rate as a function of age assuming that the volume growth is exponential, radius is constant
(R = 0.35 wm) and septum surface grows at a constant rate.

Next, we compare length growth rate to volume growth rate considering the same cell
morphology as that in Figure 1A-Appendix 1. In this model, the volume growth is assumed to
be exponential. The volume before and after the onset of constriction are given by Equations
1-A1 and 2-A1, respectively.

Before constriction, the volume grows only by an increase in length of the cylindrical

part of the cell while the width stays constant. However, after the constriction at mid-cell
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starts, the volume grows by an increase in length as well as by adding a septum surface at
the mid-cell. We assume that the septum wall surface grows at a constant rate (c¢;) [39]. We

can obtain ¢; in terms of cell morphology variables to be,

Cc1 = —47TR$ (4—A1)

We can solve for h(t) using the following boundary conditions,

h(t =T,) = R,h(t =Ty) =0, (5-A1)

where T,, is the time from birth at which constriction starts. Using Equations 4-A1 and

5-Al, we can obtain ¢; in terms of cell cycle variables R, T, and Ty,

B 47 R?
T, -T,

(6-A1)

1

Under these assumptions, for exponential volume growth, we obtain the length growth via
simulations. The length growth rate is shown in Figure 1C-Appendix 1. The growth rate,
the length at birth, the time at constriction from birth and the generation time parameters
used in the simulations are obtained from experimental data in alanine growth medium. The
width of the cells is assumed to be 0.35 um. We find that before constriction, the length
growth rate increases to a small extent (=~ 6%). However, after constriction there is a rapid

increase in length growth rate. The mode of growth in length and volume are not identical.
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9 Appendix 2: Linear regression on 111(12—‘;) vs (Ty)\ plot

and its interchanged axes plot

) vs (\)Ty and

In Section 2, we found that binning and linear regression on the plots ln(L‘Z

Ly
its interchanged axes were not a suitable method to identify the underlying mode of growth.
In this section, we explore binning and linear regression on similar plots ln(é—‘Z) vs (Ty)A
plot and its interchanged axes. We test the usability of these plots to elucidate the mode of
growth using the methodology proposed in the paper.

Assuming exponential growth, A for a cell cycle can be calculated as %d ln(i—;‘). On plotting
ln(i—Z) vs (Ty)\ (Figures 1A-Appendix 2-1C-Appendix 2) and (Ty)A vs ln(i—Z) (Figures 1F-
Appendix 2-1H-Appendix 2) for the experimental data, we obtain the slope of the best linear
fit to be close to zero (values shown in Table 1-Appendix 2). Next, using the methodology
of the paper, we interpret these results using an underlying model. We consider a model in
which cells grow exponentially with the division determined by birth. In the model, growth
rate is fixed at the beginning of each cell cycle and is independent of size at birth. The
model predicts that ln(ﬁ—‘Z) will be independent of the growth rate (Equation 19 in main
text). Thus, we would expect the slope to be zero for both of the plots ln(i—‘:) vs (Ty) A
and (Ty)\ vs ln(i—:). This is also shown using simulations of the adder model in Figures
1D-Appendix 2 and 1I-Appendix 2 where the slope of the plots is close to zero. In order
to differentiate between exponential growth and linear growth, the best linear fit in case of
linear growth for these plots must deviate from y= constant line. However, we find for the
simulations of the adder model where cells grow linearly that the slope of the best linear fit
for both of the above plots is still zero (Figures 1E-Appendix 2 and 1J-Appendix 2). Note
that A in the case of linear growth is still calculated as Tid ln(L—Z). A slope of zero in case of

linear growth can be explained using Equation 62 of the main text. Using the equation, we

find that In(%2) is independent of the underlying growth rate for linear growth. Thus, the

b
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Figure 1-Appendix 2: 1n(i—Z) vs (Ty)\ and its flipped axes plots: A-E. ln(i—z) vs (Ty)A
are shown for A. Experimental data in alanine medium. B. Experimental data in glycerol
medium. C. Experimental data in glucose-cas medium. D. Simulations of the adder model
where cells grow exponentially, carried out for N=2500 cells. E. Simulations of the adder
model where cells grow linearly, carried out for N=2500 cells. F-J. For the same order of
the above experimental conditions and simulations, (T;)\ vs ln(é—z) plots are shown. In all
of the plots, blue represents the raw data, red represents the binned data, and the yellow
line represents the best linear fit obtained by applying linear regression on the raw data. In
all of the plots, the slope of the best linear fit is close to zero. Thus, we find that these plots
are not a suitable method to differentiate between linear and exponential growth as they

provide a similar best linear fit.
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1230 best linear fit for both plots have a slope of zero in the case of linear growth. This indicates
1221 that binning and linear regression on the ln(’—z—Z) vs (T;) A and its interchanged axes plots are

1232 unsuitable for elucidating the mode of growth.

Table 1-Appendix 2: The slope and the intercept of the best linear fit along with their 95%
confidence intervals (CI) obtained on performing linear regression on experimental data. The
data is collected for cells growing in M9 alanine, glycerol and glucose-cas media [Sriram et
al. (2021)].

Media | No. of | Ty ln(’i—:) vs (Ty) A plot (Ta)A vs ln(’z—j) plot

cells (min) | Slope (with | Intercept Slope (with | Intercept

05% CI) | (with 95% | 95% CI) | (with 95%
CI) CI)

Alanine | 816 214 0.04 (-0.01, | 0.65 (0.62, | 0.05 (-0.01, | 0.67 (0.63,
0.09) 0.69) 0.12) 0.72)

Glycerol | 648 164 012 (-]075 (071, 1019 (- |0.83 (0.78,
0.16, -0.07) | 0.79) 0.27,-0.11) | 0.89)

Glucose- | 737 65 0.11 (0.06, | 0.55 (0.52, | 0.16 (0.09, | 0.56 (0.51,
cas 0.16) 0.58) 0.23) 0.61)
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1233

10

Supplementary Figures and Tables

Table S1: Variable definitions.

Variables Description

Ly Length of the cell at birth and also a proxy for size at birth

Ly Length of the cell at division and also a proxy for size at
division

Iy %, where (L) is mean size at birth

la %, where (L) is mean size at birth

f(ly) Mathematical function which captures the regulation strategy
determining division given size at birth. f(l,) = 21,

T, Generation time

o Standard deviation of generation time

Ty O T x, = In(l}"). Since Iy =~ 1, x, = [}' — 1

O Standard deviation of x,,

fi(zy) Gaussian describing the distribution of z,.  fi(z,) =

2
1 a2
exp (—52%
\/2mo2 P ( 202 )

Mean growth rate

CV, Coeflicient of variation of growth rate
£(0,CVy) Normally distributed growth rate noise. Growth rate is de-
fined as A = (A) + (V)&(0,CVy)
f2(&) Gaussian describing the distribution of random variable
_ 1 &
£(0,CVy). fa(§) = oncvz P <—m)
¢(0,0m)

Normally distributed time additive division timing noise with

mean 0 and standard deviation 27773
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f3(C)

Gaussian describing the distribution of random variable

2
exp (—2%%)

§(0.00)- fo(O) = 7=

(5(0, opa) Normally distributed size additive division timing noise with
mean 0 and standard deviation opg
o] Standard deviation of In(%2)
b
fa <1n(i—‘§)> Gaussian describing the distribution of 1n(§—‘§). fa <1n(§—‘3)>

L 2
S e (m(fg )—2111(2))
A /27rcrl2 207

Pexp Correlation coefficient of the pair (ln(%:), (NTy)

M Slope of the best linear fit for ln(’z—i) vs (A\)Ty plot

cu Intercept of the best linear fit for ln(i—‘j) vs (A\)Ty plot
my Slope of the best linear fit for (A\)7y vs ln(ﬁ—fb‘) plot

u Intercept of the best linear fit for (A\)Ty vs ln(’z—z) plot
(Nin) Mean normalized elongation speed

CVjin Coeflicient of variation of normalized elongation speed

flin (07 CV/\,lin)

Normally distributed normalized elongation speed noise. Nor-

(Nin) -+

malized elongation speed is defined as My, =

<>\lin>€lin (07 CV)\,lin)

Ol lin Standard deviation of {5 — [,

Dlin Correlation coefficient of the pair (Ig — lp, (Miin)T4)

Mt 1in Slope of the best linear fit for l; — I, vs (\;n) Ty plot
Ctilin Intercept of the best linear fit for Iy — I, vs (\n) Ty plot
Mt lin Slope of the best linear fit for (\;, )Ty vs Iz — I, plot

Cit lin Intercept of the best linear fit for (A;,)Ty vs lg — I, plot
L, Cell size at the start of DNA replication (initiation)
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Ltot,nemt
%

Total cell size of the daughter cells at the start of DNA repli-

cation

Aii

Size added per origin between initiations

Number of origins just after initiation

Time between initiation and division

Timing of start of septum formation/onset of constriction

Cell size at time T,

Table S2: The slope and the intercept of the best linear fit along with their 95% confidence

intervals (CI) obtained on performing linear regression on experimental data. The data is
collected for cells growing in M9 alanine, glycerol and glucose-cas media [32].

. ln(’z—:) vs (A)Tq4 plot (A)Tq vs ln(’z—‘:) plot
Media No. of | T4
cells (min) | Slope (with | Intercept Slope (with | Intercept
05% CI) | (with 95% | 95% CI) | (with 95%
CI) CI)
Alanine | 816 214 0.34 (0.31, | 0.44 (0.42, | 1.06 (0.98, | -0.01 (-0.07,
0.36) 0.46) 1.14) 0.04)
Glycerol | 648 164 0.34 (0.32, | 0.43 (041, | 1.26 (1.16, | -0.13 (-0.20,
0.37) 0.44) 1.35) 20.07)
Glucose- | 737 65 0.31 (0.28, | 0.42 (0.40, | 0.91 (0.83, | 0.09 (0.03,
cas 0.34) 0.44) 1.00) 0.15)
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Figure 2- figure supplement 1: Experimental data: ln(i—‘;) Vs
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In(Ly/L,)
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Best fit
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02 04 06 08 1 1.2
In(L /L)
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. RaV\}data E s i '
° Binneddata| -
Best fit
= =y=xline
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(MTy (left) and (A\)Ty vs
ln(i—Z) plot (right) is shown for, A. Cells growing in glycerol medium ((7,;) = 164 min, N =
648 cells). B. Cells growing in glucose-cas medium ((7;) = 65 min, N = 737 cells). Binned
data (red), and the best linear fit (yellow) obtained by performing linear regression on the
raw data deviate from the y=x line (black dashed line) in the case of ln(ﬁ—Z) vs (A\)Ty plots in
both media. However, both binned data and the best linear fit are in close agreement with
the y=x line (black dashed line) on interchanging the axes. In all of these plots, the binned
data is shown only for those bins with more than 15 data points in them.



1244

1245

1246

1247

1248

1249

1250

1251

1252

1253

1254

1255

1256

1258

55 4

2 t 00000§DOOOOOOOOOOODOOO ° | f;})
/'\1 5 .";... ’ ° S E o J’djﬁ@
£ & '. !obo.oeoioo e \: og.&o -
: 1 o® .-.".'n- \{O 2 gggq.
~ i |§ w,,a

0.5 j‘ﬂ 1 A
° Ji-
0 ‘ 5 |
0 - 4 6 8 o 05 1 15 2

1T, (1/hr) A/

Figure 2- figure supplement 2: Binned data trend in growth rate ()\) and inverse
generation time (Tld) plots: A-B. Simulations of the adder model for exponentially
growing cells were carried out at multiple growth rates for N = 2500 cells. The size added
between birth and division and the mean growth rates were extracted from Kennard et al.,
[56]. The CV of growth rates was greater for cells growing in slower-growth media. See

Section 5.11.2 for the parameter values. For these simulations, we show A. \ vs Tld plot. B.
Tld vs A plot. The smaller circles show the trend in binned data within a growth medium.
Different colors correspond to different growth media. Population means are shown as larger
markers. The population means agree with the expected y=In(2)x line (black dashed line)
in Figure 2- figure supplement 2A but the trend within a single growth medium is non-linear
and deviates from the y=In(2)x line. However, in Figure 2- figure supplement 2B, population
means across growth conditions and the trend in binned data within a single growth medium

follow the expected y:ﬁx line (black dotted line).

70



A Linear growth B Linear growth C Exponential growth
+ adder + adder + adder

, ¢ Raw data
@y 2 1 5 ° Binned data|
. . Best fit

— =-y=x line

1.5

T, )
Td <)\Iin>

* Raw data
© Binned data
Best fit

0.6 ’ K = =y=xline 0.5 y 0.5
0.5 il 1:5 0.5 1 15 0.5 1 1.5
Ty Qi) 4! ity

¢ Raw data

© Binned data
Best fit

= =y=xline

1259

e Figure 3- figure supplement 1: Predicting statistics based on a model of linear
e growth: A-B. Simulations of linearly growing cells following the adder model are car-
ez ried out for N = 2500 cell cycles. A. Iy — 1, vs (\in)Ty plot is shown. The raw data is shown
1263 as blue dots. The binned data (in red) and the best linear fit on raw data (in yellow) deviate
1264 from the y=x line (black dashed line). Such a deviation can be predicted based on a model
1265 as discussed in detail in Section 5.5. B. (N\j,) Ty vs lq — [ plot is shown. The binned data (in
1266 red) and the best linear fit on raw data (in yellow) agree with the y=x line (in black). C.
167 Simulations of exponentially growing cells following the adder model are carried out for N =
e 2500 cell cycles. (Njin) Ty vs g —1p, plot is shown. The binned data (in red) and the best linear
1260 fit on raw data (in yellow) deviate from the y=x line (in black) as expected for exponential
1o growth. Parameters used in the simulations above are provided in Section 5.11.2.
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Figure 3- figure supplement 2: Inspection bias in the growth rate vs time plots
obtained from simulations: A. The binned growth rate trend as a function of time
from the onset of constriction (t-7},) is shown in red. Time t-7;, = 0 corresponds to onset of
constriction. The plot is shown for simulations of exponentially growing cells carried out over
N = 2500 cell cycles. Constriction length is determined by a constant length addition from
birth and division occurs after a constant length addition from constriction. B. The average
generation time for the cells present in each bin of Figure 3- figure supplement 2A is shown.
C. For simulations of exponentially growing cells following the adder model (N=2500), the
binned growth rate (in red) vs time from birth plot is shown. D. The average generation
time for the cells present in each bin of Figure 3- figure supplement 2C is shown. The vertical
dashed lines show the time range in which the generation times are approximately constant
and hence, the effects of inspection bias are negligible. Within that time range, the growth
rate trend is found to be constant, consistent with the assumption of exponential growth.
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Figure 3- figure supplement 3: Differential methods of quantifying growth: A-B.
Simulations of linearly growing cells following the adder model are carried out for N = 2500
cell cycles. Cell size (L) data is recorded as a function of time within the cell cycle. A.
The red dots show the binned data for elongation speed as a function of age. The trend is
almost constant in agreement with the linear growth assumption. B. Elongation speed is
also constant with cell size as expected for linear growth. The intercept value of the best
linear fit on raw data (in yellow) provides the average elongation speed. C-D. Simulations of
exponentially growing cells following the adder model are carried out for N = 2500 cell cycles.
C. Elongation speed trend (in red) increases with age in agreement with the exponential
growth assumption. D. Elongation speed trend (in red) increases linearly with size. The
slope of the best linear fit on raw data (in yellow) is equal to the average growth rate. E-F.
Simulations of exponentially growing cells following the adder per origin model are carried
out for N = 2500 cell cycles. E. Again, the elongation speed trend (in red) increases with
age in agreement with the exponential growth assumption. F. Elongation speed trend (in
red) and the best linear fit on raw data (in yellow) deviates from the expected linear trend
(black dashed line). This could be misinterpreted as non-exponential growth. Thus, we find
that the binned data trend for the plot elongation speed vs size is model-dependent.
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Figure 4- figure supplement 1: Growth rate vs age curves extended beyond the
division event: A,B,C. The binned growth rate trend is shown in red as a function of
age for E. coli experimental data. The trends are obtained using the cell size trajectories
extending beyond the division event (age>1). The plots are shown for A. Alanine medium
(N = 720 cells) B. Glycerol medium (N = 594 cells). C. Glucose-cas medium (N = 664
cells). The error bars in all three plots represent the standard deviation of the growth rate
in each bin scaled by LN, where N is the number of cells in that bin. The growth rate trend
appears to be periodic in each of the growth media i.e., A at age ~ 1 is close to A\ at age ~
0. These trends agree with that of Figure 4 in the appropriate age ranges. D. Simulations
are carried out for N= 2500 cell cycles. The cell size trajectories are collected beyond the
division event (age>1). The binned data trend for growth rate vs age plot is shown as purple
circles for exponentially growing cells following the adder model. We observe the trend to
be nearly constant as expected for exponential growth. The binned growth rate trend is also
found to be nearly constant for the simulations of exponential growing cells following the
adder per origin model (shown as magenta diamonds). (Inset) Shown as green squares is
the elongation speed vs age plot for simulations of N= 2500 cell cycles of linearly growing
cells following the adder model. As expected for linear growth, the binned elongation speed
trend remains approximately constant with age. The growth rate trends for the models with
exponential growth agree with that of Figure 3B. The elongation speed trend (inset) also
agrees with the trend in Figure 3- figure supplement 3A.
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Figure 4- figure supplement 2: Inspection bias in the growth rate vs time from
constriction plots obtained from experiments: A,C,E. The binned growth rate trend
is shown in red as a function of time from the onset of constriction (t-7,). Time t-7,, = 0
corresponds to the onset of constriction for all cells considered. The plots are shown for A.
Alanine medium. C. Glycerol medium. E. Glucose-cas medium. The error bars in all three
plots represent the standard deviation of the growth rate in each bin scaled by \%N, where N
is the number of cells in that bin. B,D,F. The average generation time for the cells present
in each bin of B. Alanine medium (Figure 4- figure supplement 2A) D. Glycerol medium
(Figure 4- figure supplement 2C) F. Glucose-cas medium (Figure 4- figure supplement 2E)
are shown. The vertical dashed lines represent the time range within which the average
generation time remains approximately constant. The growth rate trends within this time
range are consistent with that in Figure 4 for the respective growth condition as there is
negligible inspection bias.
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