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Abstract Cycling of co-substrates, whereby a metabolite is converted among alternate forms
via different reactions, is ubiquitous in metabolism. Several cycled co-substrates are well known as
energy and electron carriers (e.g. ATP and NAD(P)H), but there are also other metabolites that act
as cycled co-substrates in different parts of central metabolism. Here, we develop a mathematical
framework to analyse the effect of co-substrate cycling on metabolic flux. In the cases of a single
reaction and linear pathways, we find that co-substrate cycling imposes an additional flux limit on

a reaction, distinct to the limit imposed by the kinetics of the primary enzyme catalysing that reac-
tion. Using analytical methods, we show that this additional limit is a function of the total pool size
and turnover rate of the cycled co-substrate. Expanding from this insight and using simulations, we
show that regulation of these two parameters can allow regulation of flux dynamics in branched and
coupled pathways. To support these theoretical insights, we analysed existing flux measurements
and enzyme levels from the central carbon metabolism and identified several reactions that could
be limited by the dynamics of co-substrate cycling. We discuss how the limitations imposed by
co-substrate cycling provide experimentally testable hypotheses on specific metabolic phenotypes.
We conclude that measuring and controlling co-substrate dynamics is crucial for understanding and
engineering metabolic fluxes in cells.

Editor's evaluation

This manuscript presents an important mathematical analysis of metabolic "co-substrates" and how
their cycling can affect metabolic fluxes. Through mathematical analysis of simple network motifs,

it shows the impact of co-substrate cycling on constraining metabolic fluxes. The combination of
mathematical modeling and comparisons with existing data from previous studies offers convincing
support for the potential biological relevance of co-substrate cycling. The work will be of interest to
researchers who study microbial metabolism and metabolic engineering.

Introduction

Dynamics of cell metabolism directly influences individual and population-level cellular responses.
Examples include metabolic oscillations underpinning the cell cycle (Papagiannakis et al., 2017,
Murray et al., 2007) and metabolic shifts from respiration to fermentation, as observed in cancer
phenotypes (Warburg, 1956; Diaz-Ruiz et al., 2009; Carmona-Fontaine et al., 2013) and cell-to-cell
cross-feeding (Ponomarova et al., 2017, Campbell et al., 2015; GroBkopf et al., 2016). Predicting
or conceptualising these physiological responses using dynamical models is difficult due to the large
size and high connectivity of cellular metabolism. Despite this complexity, however, it is possible that
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elLife digest Metabolism powers individual cells and ultimately the body. It comprises a sequence
of chemical reactions that cells use to break down substances and generate energy. These reactions
are catalyzed by enzymes, which are proteins that speed up the rate of the reaction. Many reactions
also involve co-substrates, which are themselves transformed by individual reactions but are eventu-
ally converted back into their original form in a series of steps. This process is known as co-substrate
cycling.

Scientists have long been interested in understanding what controls the rate at which metabolic
reactions and metabolic pathways convert a substance into a final product. This is a difficult subject
to study because of the complexity of the metabolic pathways, with their branched, linear or coupled
structures. In the past, researchers have looked at the influence of enzymes on the rate of a metabolic
pathway, but less has been known about the effect of co-substrate cycling.

To find out more, West, Delattre et al. developed a series of mathematical models to describe
different types of metabolic pathways in terms of the number of metabolites that enter and leave it,
including the influence of co-substrates.

They found that co-substrate cycling, when involved in a metabolic reaction, limits the speed with
which the reaction happens. This is distinct from the limit that enzymes impose on the speed of the
reaction. It depends on the total amount of co-substrates in the cell: changing the number of co-sub-
strates in the cell influences the speed at which the metabolic reaction takes place.

This study has increased our understanding of how metabolic pathways work, and what controls
the speed at which reactions take place. It opens up a new potential method for explaining how cells
control metabolic reaction rates and how metabolic substrates can be directed across different path-
ways. This research is likely to inspire future research into the influence of co-substrates in different
cell types and conditions.

cellular metabolism features certain ‘design principles’ that determine the overall dynamics. There is
ongoing interest in finding such simplifying principles.

A key concept for understanding the dynamics of any metabolic system is that of ‘reaction flux’,
which is a measure of the rate of biochemical conversion in a given reaction. To identify possible
limitations on reaction fluxes, early studies focused on linear pathways involving ATP production and
studied their dynamics under the optimality assumption of maximisation of overall pathway flux under
limited enzyme levels available to the pathway (Heinrich et al., 1991). The resulting theory predicted
a trade-off between pathway flux vs. yield (i.e. rate of ATP generation vs. amount of ATP generated
per metabolite consumed by the pathway) in linear pathways (Heinrich and Hoffmann, 1991). This
theory is subsequently used to explain the emergence of different metabolic phenotypes (Pfeiffer
et al., 2001). In related studies, models pertaining to flux optimisation and enzyme levels being a key
limitation are used to explain the structure of different metabolic pathways (Flamholz et al., 2013),
and the metabolic shifting from respiration to fermentative pathways under increasing glycolysis rates
(GroBkopf et al., 2016; Basan et al., 2015; Majewski and Domach, 1990). There are, however,
increasing number of studies suggesting that enzyme levels alone might not be sufficient to explain
observed flux levels. For example, it was shown that the maximal value of the apparent activities
(kapp) of an enzyme, derived using measured enzyme levels and fluxes under different conditions, was
a good estimate for the specific activity of that enzyme in vitro (kea) (Davidi et al., 2016). However,
individual estimates from each condition (i.e. individual kapp values) were commonly lower than the
specific activity — suggesting that the flux is limited by something other than enzyme levels under
those conditions. Other studies have shown that metabolic flux changes, caused by perturbations in
media conditions, are not explained solely by changes in expression levels of enzymes (Chubukov
et al., 2013, Gerosa et al., 2015).

Another conceptual framework emphasized the importance of cyclic reaction motifs, particularly
those involving so-called co-substrate pairs, such as ATP / ADP or NAD(P)H / NAD(P)+, as a key to
understanding metabolic system dynamics (Reich and Sel’kov, 1981). This framework is linked to
the idea of considering the supply and demand structures around specific metabolites as regulatory
blocks within metabolism (Hofmeyr and Cornish-Bowden, 2000). For example, the total pool of ATP
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and its derivates (the ‘energy charge’) is suggested as a key determinant of physiological cell states
(Atkinson, 1968). Inspired by these ideas, theoretical studies have shown that metabolic systems
featuring metabolite cycling together with allosteric regulation can introduce switch-like and bistable
dynamics (Okamoto and Hayashi, 1983; Hervagault and Cimino, 1989), and that metabolite cycling
motifs introduce total co-substrate level as an additional control element in metabolic control analysis
(Hofmeyr et al., 1986, Sauro, 1994). Specific analyses of ATP cycling in the glycolysis pathway, some-
times referred to as a ‘turbo-design’, and metabolite cycling with autocatalysis, as seen for example
in the glyoxylate cycle, have shown that these features constrain pathway fluxes (Koebmann et al.,
2002; Teusink et al., 1998; van Heerden et al., 2014, Hatakeyama and Furusawa, 2017, Barenholz
et al., 2017, Kurata, 2019). Taken together, these studies indicate that metabolite cycling, in general,
and co-substrate cycling specifically, could provide a key ‘design feature’ in cell metabolism, imposing
certain constraints or dynamical properties to it.

Towards better understanding the role of co-substrate cycling in cell metabolism dynamics, we
undertook here an analytical and simulation-based mathematical study together with analyses of
measured fluxes. We created models of enzymatic reaction systems featuring co-substrate cycling,
abstracted from real metabolic systems such as glycolysis, nitrogen-assimilation, and central carbon
metabolism. We found that co-substrate cycling introduces a fundamental constraint on reaction flux.
In the case of single reaction and short linear pathways, we were able to derive a mathematical expres-
sion of the constraint, showing that it relates to the pool size and turnover rate of the co-substrate.
Analysing measured fluxes, we find that several of the co-substrate featuring reactions in central
carbon metabolism carry lower fluxes than expected from the kinetics of their primary enzymes,
suggesting that these reactions might be limited by co-substrate cycling. In addition to its possible
constraining role, we show that co-substrate cycling can also act as a regulatory element, where
control of co-substrate pool size can allow control of flux dynamics across connected or branching
pathways. Together, these findings show that co-substrate cycling can act both as a constraint and a
regulatory element in cellular metabolism. The resulting theory provides testable hypotheses on how
to manipulate metabolic fluxes and cell physiology through the control of co-substrate pool sizes and
turnover dynamics, and can be expanded to explain dynamic measurements of metabolite concentra-
tions in different perturbation experiments.

Results
Co-substrate cycling represents a ubiquitous motif in metabolism with
co-substrate pools acting as ‘conserved moieties’
Certain pairs of metabolites can be interconverted via different reactions in the cell, thereby resulting
in their ‘cycling’. This cycling creates interconnections within metabolism, spanning either multiple
reactions in a single, linear pathway, or multiple pathways that are independent or are branching
from common metabolites. For example, in glycolysis, ATP is consumed in reactions mediated by the
enzymes glucose hexokinase and phosphofructokinase, and is produced by the downstream reac-
tions mediated by phosphoglycerate and pyruvate kinase (Appendix 1—figure 1A). In the nitrogen
assimilation pathway, the NAD* / NADH pair is cycled by the enzymes glutamine oxoglutarate amino-
transferase and glutamate dehydrogenase (Appendix Dynamics of co-substrate pools can constrain
and regulate metabolic fluxes - Appendix 1—figure 1B). Many other cycling motifs can be identi-
fied, involving either metabolites from the central carbon metabolism or metabolites that are usually
referred to as co-substrates. Examples for the latter include NADPH, FADH2, GTP, and Acetyl-CoA
and their corresponding alternate forms, while examples for the former include the tetrahydrofo-
late (THF) / 5,10-Methylene-THF and glutamate / a-ketoglutarate (akg) pairs involved in one-carbon
transfer and in amino acid biosynthesis pathways, respectively (Appendix 1—figure 1C and D). For
some of these metabolites, their cycling can connect many reactions in the metabolic network. Taking
ATP (NADH) as an example, there are 265 (118) and 833 (601) reactions linked to the cycling of this
metabolite in the genome-scale metabolic models of Escherichia coli and human respectively models
iJO1366 (Orth et al., 2011) and Recon3d (Brunk et al., 2018).

We notice here that many of the co-substrate involving cycling reactions can be abstracted as a
simplified motif as shown in (Figure 1A). This abstract representation highlights the fact that the total
pool-size involving all the different forms of a cycled metabolite can become a conserved quantity.
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Figure 1. Motif, time-series and threshold in a single co-substrate involving reaction. (A) Cartoon representation of a single irreversible reaction with
co-substrate cycling (see Appendices for other reaction schemes). The co-substrate is considered to have two forms Ay and A;. (B) Concentrations of
the metabolites M, (red) and M, (green), and the Ag/A| ratio (blue) are shown as a function of time. At t = 500, the parameters are switched from the
white dot in panel (C) (where a steady state exists) to the black dot (where we see continual build-up of M, and decline of A, without steady state). (C

& D) Heatmap of the steady state concentration of M, as a function of the total co-substrate pool size (Atot) and inflow flux (k;,). White area shows the
region where there is no steady state. On both panels, the dashed line indicates the limitation from the primary enzyme, kin < Vmax.g,, and the solid line
indicates the limitation from co-substrate cycling, kin < Atot Vimax,£,/(Kum,E, + Atot). In panel (C), there is a range of Atot values for which the first limitation
is more severe than the second. In contrast, in panel (D), the second limitation is always more severe than the first. In (B & C) the parameters used for
the primary enzyme (for the reaction converting M, into M) are picked from within a physiological range (see Supplementary file 1) and are set to:

E[()t = 001 mM, kca[ = IOO/S, KM,E[) =

Ky g, = 50 uM, while k. is set to 0.1/s. The Etot and k., for the co-substrate cycling enzyme are 1.2 times those for

the primary enzyme. In panel (D) the parameters are the same except for the Eiot and k.., of the co-substrate cycling enzyme, which are set to 0.7 times

those for the primary enzyme.

This would be the case even when we consider biosynthesis or environmental uptake of co-substrates,
as the total concentration of a cycled metabolite across its different forms at steady state would then
be given by a constant defined by the ratio of the influx and outflux rates (see Appendices 2 and 3). In
other words, the cycled metabolite would become a ‘conserved moiety’ for the rest of the metabolic
system and can have a constant ‘pool size'. Supporting this, temporal measurement of specific co-sub-
strate pool sizes shows that ATP and GTP pools are constant under stable metabolic conditions, but
can rapidly change in response to external perturbations, possibly through inter-conversions among
pools rather than through biosynthesis (Walther et al., 2010).

Co-substrate cycling introduces a limitation on reaction flux
To explore the effect of co-substrate cycling on pathway fluxes, we first consider a didactic case of
a single reaction. This reaction converts an arbitrary metabolite M, to M; and involves co-substrate
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cycling (Figure 1A). For co-substrate cycling, we consider additional ‘background’ enzymatic reac-
tions that are independent of M, and can also convert the co-substrate (denoted E, on Figure 1A).
We use either irreversible or reversible enzyme dynamics to build an ordinary differential equation
(ODE) kinetic model for this reaction system and solve for its steady states analytically (see Methods
and Appendix 3). In the case of using irreversible enzyme kinetics, we obtain that the steady state
concentration of the two metabolites, M, and M, (denoted as m, and m,) are given by:

mo = a kinKyp g,
(Vmax,Eo - kin)(Vmax,E,lAtot - kin(KM,Ea + Atot))
M
kin
my =
"7 Kout

where k;, and k., denote the rate of in-flux of My, and out-flux of M, either in-and-out of the cell or
from other pathways, and A denotes the total pool size of the cycled metabolite (with the different
forms of the cycled metabolite indicated as A, and A, in Figure 1A). The parameters Vipax g, and
Vmax.E, are the maximal rates (i.e. Vinax = kcatEtot) for the enzymes catalysing the conversion of A, and
M, into A, and M; (enzyme E;), and the turnover of A, into A, (enzyme Eu), respectively, while the
parameters Ky g, and Ky g, are the individual or combined Michaelis-Menten coefficients for these
enzymes’ substrates (i.e. for A; and M, and A;, respectively). The term « is (in this case where all reac-
tions are irreversible) equal to Vimax 5, — kin, and in general is a positive expression comprising k;,, and
the Michaelis-Menten coefficients and the Vimax parameters of the background enzymes in the model
(see Appendix 3, Equations 7; 9; 11). The steady states for the model with all enzymatic conversions
being reversible, and for a model with degradation and synthesis of A, and A,, are given in Appendix
3. The steady state solutions of these alternative models are structurally akin to (1), and do not alter
the qualitative conclusions we make in what follows.

A key property of (1) is that it contains terms in the denominator that involve a subtraction. The
presence of these terms introduces a limit on the parameter values for the system to attain a positive
steady state. Specifically, we obtain the following conditions for positive steady states to exist:

Atot Vi

kin < Vmaxg, and  kip < #‘T/jm 7
Additionally, the ‘shape’ of (1) indicates a ‘threshold effect’ on the steady state value of my, where it
would rise towards infinity as k;, increases towards the lower one among the limits given in (2) (see
Figure 1B).

Why does (1) show this specific form, leading to these limits? We find that this is a direct conse-
quence of the steady state condition, where metabolite production and consumption rates need to be
the same at steady state. In the case of co-substrate cycling, the production rate of M, is given by k;,,
while its consumption rate is a function of the Vinax £, and the concentration of A,. In turn, the concen-
tration of A, is determined by its re-generation rate (which is a function of Ky g, and Vmay £,) and the
pool size (Atwor). This explains the inequalities given in (2) and shows that a cycled co-substrate creates
the same type of limitation (mathematically speaking) on the flux of a reaction it is involved in, as that
imposed by the enzyme catalysing that reaction (E, in this example) (see Figure 1C & D). We also
show that considering the system shown in Figure 1A as an enzymatic reaction without co-substrate
cycling leads to only the constraint ki, < Vmax £, While considering it as a non-enzymatic reaction with
co-substrate cycling only, leads to only the constraint ki, < Atot Viax.£,/(Km ., + Atwot) becoming the sole
limitation on the system (see Appendix 3). In other words, the two limitations act independently.

To conclude this section, we re-iterate its main result. The flux of a reaction involving co-substrate
cycling is limited either by the kinetics of the primary enzyme mediating that reaction, or by the turn-
over rate of the co-substrate. The latter is determined by the co-substrate pool size and the kinetics
of the enzyme(s) mediating its turnover.

Co-substrate cycling causes a flux limit on linear metabolic pathways

We next considered a generalised, linear pathway model with n + 1 metabolites and arbitrary locations
of reactions for co-substrate cycling, for example as seen in upper glycolysis (Appendix 1—figure 1A).
In this model, we only consider intra-pathway metabolite cycling, i.e. the co-substrate is consumed
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Figure 2. Motif, time-series and thresholds for the linear pathway model with n = 4. (A) Cartoon representation of a chain of reversible reactions
with co-substrate cycling occurring solely inter-pathway. The co-substrate is considered to have two forms A, and A,. (B) Heatmap of the steady state
concentration of M as a function of the total metabolite pool size (Atot) and inflow rate constant (k;,). White area shows the region where there is no
steady state. The dashed and solid lines indicate the limitations arising from primary enzyme (E; in this case) and co-substrate cycling, respectively, as
in Figure 1. (C) Concentrations of M_4, and Ag/Aj ratio as a function of time (with colours as indicated in the inset). At t = 1000 s, the parameters
are switched from the white dot in panel (B) (where a steady state exists) to the black dot (where we see build-up of all substrates that are produced
before the first co-substrate cycling reaction, and continued decline of Ay). The parameters used are picked from within a physiological range (see
Supplementary file 1) and are set to: Etot = 0.01 mM, kcae = 100/s, Kpr = 50 pum, for all reactions, and kout = 0.1/s.

and re-generated solely by the reactions of the pathway. Here, we show results for this model with 5
metabolites as an illustration (Figure 2A), while the general case is presented in Appendix 4.

We find the same kind of threshold dynamics as in the single reaction case. When k;, is above
a threshold value, the metabolite M, accumulates towards infinity and the system does not have
a steady state (Figure 2B). A numerical analysis, as well as our analytical solution, reveals that the
accumulation of metabolites applies to all metabolites upstream of the first reaction with co-substrate
cycling (Figure 2C and Appendix 4). Additionally, metabolites downstream of the cycling reaction
accumulate to a steady state level that does not depend on k;, (Figure 2C and Appendix 3—figure
1). In other words, pathway output cannot be increased further by increasing k;, beyond the threshold.
Finally, as k;, increases, the cycled metabolite pool shifts towards one form and the ratio of the two
forms approaches zero (Figure 2C).

An analytical expression for the threshold for k;, like shown in (2), could not be derived for linear
pathways with n > 3, but our analytical study indicates that (i) the threshold is always linked to At
and enzyme kinetic parameters, and (ii) the concentration of all metabolites upstream (downstream)
to the reaction coupled to metabolite cycling will accumulate towards infinity (a fixed value) as k;,
approaches the threshold (see Appendix 4). In Figure 2, we illustrate these dynamics with simulations
for a system with n = 4.

We also considered several variants of this generalised linear pathway model, corresponding to
biologically relevant cases as shown in Appendix 1—figure 1. These included (i) intra-pathway cycling
of two different metabolites, as seen with ATP and NADH in combined upper glycolysis and fermenta-
tion pathways (Appendix 5), (i) different stoichiometries for consumption and re-generation reactions
of the cycled metabolite, as seen in upper glycolysis (Appendix 6), and (jii) cycling of one metabo-
lite interlinked with that of another, as seen in nitrogen assimilation (Appendix 7). The results in the
Appendices confirm that all these cases display similar threshold dynamics, where the threshold point
is a function of the co-substrate pool size and the enzyme kinetics.
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Cycled metabolite related limit could be relevant for specific reactions
from central metabolism

Based on flux values that are either experimentally measured or predicted by flux balance analysis
(FBA), many reactions from the central carbon metabolism of the model organism Escherichia coli
are shown to have lower flux than expected from the kinetics of their immediate enzymes (i.e. Viax)
(Davidi et al., 2016). This finding is based on calculating Vmax from in vitro measured k., values of
specific enzymes and their in vivo levels based on proteomics studies in E. coli (see Materials and
methods). The flux and enzyme concentration data were from other studies which measured them
during the exponential phase in E. coli growing on minimal media supplemented with various carbon
sources (Schmidt et al., 2016; Gerosa et al., 2015). If we consider measured fluxes for each reaction
as a proxy for k;, (notice that these two would be equal at steady state), we can conclude from the
fact that there were no observed substrate accumulation in these reactions, as an indication for the
analysed reactions carrying fluxes below the first limit identified above in (2). There could be several
explanations for this observation of measured fluxes being lower than the limit set by measured
enzyme kinetics and level. One simple explanation could be that there is a discrepancy between
in vitro measured enzyme kinetics and in vivo realised ones. Alternatively, this discrepancy can be
low, but the lower flux could be arising because there are additional limiting factors other than the
enzymes mediating the main reaction. Among such additional limiting factors, substrate limitation and
thermodynamic effects are shown to partially explain observed lower fluxes in some reactions (Davidi
et al., 2016; see also below results). Here, we highlight that the presented theory shows that an addi-
tional possible limitation could be the co-substrate pool size and turnover dynamics.

To explore this possibility, we re-analysed the flux values compiled previously (Davidi et al., 2016;
Gerosa et al., 2015) and focused solely on reactions that are linked to ATP, NADH, or NADPH pools
(see Materials and methods and Supplementary file 1). The resulting dataset contained fluxes,
substrate concentrations, and enzyme levels for 45 different reactions determined under 7 different
conditions along with turnover numbers and kinetic constants of the corresponding enzymes. In total,
we gathered 49 combinations of enzyme-flux-k.; values with full experimental data and 259 combi-
nations with only FBA-predicted flux values. We compared the flux values that would be expected
from the primary enzyme limit identified above, under all conditions analysed (Figure 3A), and in
addition checked whether the saturation effect of the primary substrate could explain the differ-
ence (Appendix 8—figure 1). We found that in both cases, about 80% of these reactions carry flux
lower than what is expected from enzyme kinetics (Appendix 8—figure 2), suggesting that the limits
imposed by co-factor dynamics might be constraining the flux further. The low number of the cases
where the flux exceeds the limit might be due to uncertainties in measurement of flux, enzyme or
substrate level.

It is also possible that observed lower fluxes are due to thermodynamic limitations. This is very
difficult to analyse without more data, as calculating reaction thermodynamics requires knowledge of
concentrations for all substrates and products, as well as enzyme Michaelis-Menten constants in both
forward and backward directions. This information is currently not available except for few of the reac-
tions among the ones we analysed. Nevertheless, to give as much insight as possible on the thermo-
dynamic effect, we analysed the physiological Gibbs free energy (the A,G’ is calculated assuming that
all reactants are at 1 mM and pH = 7) against the normalized flux — v/(Ey - kcar) (Appendix 8—figure
3). This shows that although in few cases, such as malate dehydrogenase (MDH), the normalised flux
seems to be greatly reduced by the thermodynamic barrier, the general picture is that there is little
correlation between reaction flux and thermodynamics.

We have also checked the relation between fluxes and co-substrate pool sizes. Co-substrate pool
sizes do change between different conditions, and we note that such changes cannot be due to
flux changes in co-substrate utilising reactions. But, on the other hand, changes in pool size can
affect flux in those reactions, where co-substrate dynamics is limiting (as predicted by the theory).
For both measured and FBA-predicted fluxes, we find that several reactions show significant correla-
tion between flux and co-substrate pool size (see Figure 3B-D, see also Appendix 8—table 1 and
Appendix 8—figure 4). In the case of FBA-predicted fluxes, however, we note that these results can
be confounded due to additional, flux-to-flux correlations and correlations between pool sizes and
growth rate. Among reactions with measured fluxes, the three reactions with high correlation to pool
size are those mediated by malate dehydrogenase (MDH), linked with NADH pool, phosphoglycerate
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Figure 3. Measured and FBA-predicted flux values are typically lower than the calculated primary enzyme threshold. (A) Measured and FBA-predicted
flux values (from Davidi et al., 2016; Gerosa et al., 2015) plotted against the calculated primary enzyme kinetic threshold (first part of eq. (1)). Notice
that there are 7 points for each reaction, corresponding to the different experimental conditions under which measurements or FBA modelling was done
(see Supplementary file 1 for data, along with reaction names and metabolites involved). (B-D) Measured flux values under different experimental
conditions (from Gerosa et al., 2015) for select reactions plotted against the corresponding co-substrate pool size. Panels B to D show reactions for
phosphoglycerate kinase (PGK), malate dehydrogenase (MDH), and glucose-6-phosphate dehydrogenase (G6PDH). Each point on these panels is a
separate flux measurement under a different environmental condition, where the co-substrate pool size is also measured. Error bars represent standard
deviations of flux and metabolite measurements as they appear in the dataset from Gerosa et al. Point colours represent co-substrate type and are as
shown in the legend to panel A. Lines show the best linear fit with the corresponding normalised RMSE shown in the panel title.

kinase (PGK), linked with the ATP pool, and glucose-6-phosphate dehydrogenase (G6PDH) linked with

the NADPH pool.

In summary, these results show that for reactions involving co-substrate cycling (1) measured fluxes
are lower than those predicted by kinetics of the primary enzyme (i.e. enzyme involved in substrate
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Figure 4. Motif, heatmap and time-series for the branching pathway model. (A) Cartoon representation of two branching pathways from the same
upstream metabolite. The two branches are linked to separate co-substrate pools, A and B. Note that pathway independent turnover of the co-
substrates is included in the model (see Figure 4—source code 1). (B) The pathways' flux ratio (i.e. flux into M» 5 divided by flux into M» ) shown

in colour mapping, against the ratio of co-substrate pool sizes, Aot and Biot, and the influx rate, k;, into the upstream metabolite. In the block

colour areas, the system has no steady state and the indicated metabolite(s) M, and one of the metabolites M| 5 or M1 j accumulate towards infinity.
(C) Concentrations of upstream and branch-endpoint metabolites over time, coloured as shown in the inset of the panel. The solid lines show results
using parameters indicated by the white dot in panel (B), where Biot > Aior, while the dashed lines show results using parameters indicated by the black
dot in panel (B), where Ay > Bior. For both simulations, all kinetic parameters are arbitrarily set to 1, apart from the pathway-independent co-substrate
recycling (Vimax,£, and Vmax ;) that is set to 10 (see Figure 4—source code 1).

The online version of this article includes the following source code for figure 4:

Source code 1. Python implementation of branched pathway model, presented in Figure 4.

conversion) alone, and (2) there is — for some reactions — a correlation between flux and co-sub-
strate pool size. Both observations could indicate co-substrate pool sizes and/or co-substrate cycling
dynamics being a limiting factor for flux. We can not state this as a certainty, however, as there are
possibly other factors acting as the extra limitation, including thermodynamic effects. These points
call for further experimental analysis of co-substrate cycling within the study of metabolic system
dynamics.

Co-substrate cycling allows regulation of branch point fluxes

In addition to its possible constraining effects on fluxes, we wondered if co-substrate dynamics can
offer a regulatory element in cellular metabolism. In particular, co-substrate cycling can commonly
interconnect two independent pathways, or pathways branching from the same upstream metabolite,
where it could influence flux distributions among those pathways. To explore this idea, we consid-
ered a model of a branching pathway, with each branch involving a different co-substrate, A and B
(Figure 4A and Appendix 1). This scenario is seen in the synthesis of certain amino acids that start
from a common precursor but utilise NADH or NADPH, for example Serine and Threonine.

We hypothesised that regulating the two co-substrate pool sizes, At and Biot, could allow regu-
lation of the fluxes on the two branches. To test this hypothesis, we ran numerical simulations with
different co-substrate pool sizes and influx rates into the branch point. We found that the ratio of
fluxes across the two branches can be regulated by changing the ratio of A to Biot (Figure 4B).
The regulation effect is seen with a large range of k;, values, but the threshold effect is still present
with high enough k;, values leading to loss of steady state and metabolite build up. In that case, the
resulting metabolite build-up can affect either branch depending on which co-substrate has the lower
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Figure 5. Motif, heatmap and time-series for the coupled pathway model with noisy influxes. (A) Cartoon representation of two pathways coupled via
the same co-substrate cycling. The two forms of the co-substrate are indicated as A, and A;. It is converted from A; to A; on the lower pathway, and from
A, to Ay in the upper pathway. The presented results are for a model with reversible enzyme kinetics, while the results from a model with irreversible
enzyme kinetics are shown in Appendix 10—figure 2. (B) Correlation coefficient of the two pathway product metabolites, M} 2 and My j, as a function
of the total amount of co-substrate (Atot) and the extent of fluctuations in the two pathway influxes, kiy 1 and kip 2. The influx fluctuation is characterised
by a waiting time that is exponentially distributed with mean 7, after which the log ratio of the k;, values is drawn from a standard normal distribution.
The mean of the k;, values is set to be 0.1 and the pathway-independent cycling occurs at a much lower rate compared to the other reactions (see
Figure 5—source code 1). (C) Concentrations of metabolites M| 5 (green) and M 1 (magenta), pathway influx ratio (pink), and Ap/A1 ratio (blue) as

a function of time. The simulation is run with parameters corresponding to the grey dot in (B) where the products are correlated, and the rate of k;,
fluctuations is on a similar timescale to the other reactions. The system is largely unresponsive to the noise, and the My 5 and M 1 are fully correlated
(i.e. the green and magenta curves overlap). (D) Concentrations of metabolites M 5 (green) and M} j (magenta), pathway influx ratio (pink), and Ap/A;
ratio (blue) as a function of time. The simulation is run with parameters corresponding to the black dot in (B) where the products are correlated, but

the fluctuations in k;, values occur at a much lower rate than the other reactions. The system is responsive to the noise, yet the M| 2 and M j are fully
correlated (i.e. the green and magenta curves overlap). For both simulations, all kinetic parameters are arbitrarily set to 1, apart from the pathway-
independent co-substrate recycling (Vimax,£,) that is set to 0.01 (see Figure 5—source code 1).

The online version of this article includes the following source code for figure 5:

Source code 1. Python implementation of connected pathway model, presented in Figure 5.

pool size (see upper corner regions on Figure 4B). There is also a regime of only the upstream, branch
point metabolite building-up, but this happens only when all reactions are considered as reversible
and the extent of it depends on turnover rates of the two co-substrates (Appendix 9—figure 1).

In the no-build-up, steady state regime, changing the pool size ratio of the two co-substrates
causes a change in fluxes and metabolite levels, The change in flux ratio is of the same order as the
change in pool size ratio (Figure 4C & D), while the change in the ratio of metabolite levels is in
general less. This relation between pool size ratio and flux ratio on each branch is unaffected by the
value of k;,. We also evaluated the level of regulation that can be achieved by varying the turnover
rates of A and B. The flux regulation effect in this case is weaker, unless the difference in the turnover
rates is large and the influx rate is close to the threshold (Appendix 9—figure 2).

Inter-pathway co-substrate cycling limits maximum influx difference
and allows for correlating pathway outfluxes despite influx noise

We next considered a simplified model of two independent pathways interconnected by a single
co-substrate pool (Figure 5A and Appendix 10). This model can represent several different processes
in metabolism, for example the coupling between the TCA cycle and the respiratory electron transfer
chain, through NADH generation and consumption respectively, or the coupling between the pentose
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phosphate pathway and some amino acid biosynthesis pathways (notably Methionine), through
NADPH generation and consumption respectively. We hypothesised that such inter-pathway co-sub-
strate cycling might cause; (1) the co-substrate related limit to relate to difference in pathway influxes,
rather than input into one pathway, and (2) a coupling of the pathway output fluxes against influx
fluctuations, such that the output fluxes remain correlated to each other, despite differences in influx
levels.

To address the first hypothesis, we used analytical methods and explored the relation between the
systems’ ability to reach steady state and system parameters. We found that, indeed, for this coupled
system, the ability to reach steady state depends on the influx difference between two pathways,
as well as the total pool size and the kinetic parameters relating to pathway-independent turn-over
of the co-substrate (see Appendix 10). In other words, for two pathways coupled via co-substrate
cycling, the cycling-dependent flux limit for each is not determined by their own influx but rather on
how different this is to the coupled pathways’ influx (Appendix 10—figure 1).

To test the second hypothesis about the output coupling, we considered the correlation of the
steady-state outputs of the pathways with random fluctuations in their influx (Figure 5B). We found
that there is either a high level of anti-correlation or correlation between pathway outputs for all
pool sizes tested (blue and yellow regions in Figure 5B). As the pool size decreases, the system
reaches a point where there is a transition from anti-correlation to high correlation in product outputs
(blue to yellow region in Figure 5B). At low pool sizes, pathway outputs are fully correlated despite
significant fluctuation in pathway influx (Figure 5C & D). Within this correlated regime, we identified
two different sub-regimes. The first is a regime where the metabolite concentrations stay relatively
constant despite the influx noise (Figure 5C). This regime arises because the influx fluctuations are
occurring at a much faster rate than the pathway kinetics and the system is rather non-responsive to
influx noise. In a second regime, the influx noise is at time scales comparable to pathway kinetics.
Here, the metabolite concentrations can readily change with the influx changes, and the system is
‘responsive’, yet the output levels are still correlated (Figure 5D). This regime is directly a result
of co-substrate cycling dynamics. Because the turnover of co-substrate is essentially coupling the
two pathways, their outputs become directly correlated. This effect does not depend on whether
pathway reactions are modelled as reversible or irreversible, and the results here for Viyax g, = 0.01 are
representative of those for Vimax g, = 0 (see Appendix 10—figure 2). As we increase the rate of the
assumed background reaction, that is pathway-independent turnover of the co-substrate, we find that
these results remain qualitatively the same, but the transition point from anti- correlation in outputs to
correlation, shifts to lower A values (Appendix 10—figure 2).

These results show that coupling by co-substrate cycling can introduce a limit on influxes of inde-
pendent pathways or metabolic processes. Furthermore, such coupling can allow high correlation in
the pathway outputs, despite significant noise in the inputs of those pathways. These effects are most
readily seen where the turnover of the coupling co-substrate by other processes is low. We note that
an example case for such a scenario is the coupling of respiration and oxidative phosphorylation,
where transmembrane proton cycling takes the role of the cycled co-substrate (Stucki, 1980).

Discussion

We presented a mathematical analysis of metabolic systems featuring co-substrate cycling and showed
that such cycling introduces a threshold effect on system dynamics. As the pathway's influx rate,
ki,, approaches a threshold value, the steady state concentrations of metabolites that are upstream
of a reaction linked to co-substrate cycling, increase towards infinity and the system cannot reach
steady state. Specifically, for reactions involving co-substrates, there are two thresholds on influx rate,
one relating to the kinetics of the enzyme directly mediating that reaction, and another relating to
the kinetics of the enzymes mediating the turnover of the co-substrate and the pool size of that
co-substrate.

This second, additional constraint arising from co-substrate cycling can be directly relevant for
cell physiology. We particularly note that this threshold can be highly dynamic, and condition- and
cell-dependent. When cells have a permanently or occasionally lowered total co-substrate pool size
(i.e. lower Awr), or when they are placed under challenging conditions (e.g. high carbon- or nitrogen-
source concentrations) causing higher k;, values across various pathways, their metabolic systems
can be close to the threshold presented here. While both k;, and A can be adjusted in the long
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term, for example by reducing substrate transporter expression or increasing co-substrate biosyn-
thesis, there can be short term impact on cells experiencing significant flux limitations and metabolite
accumulations.

Comparing measured flux data against estimated flux values based on measured enzyme levels
from proteomics and enzyme kinetics from in vitro studies, we have provided support that fluxes in
co-substrate linked reactions could indeed by limited by co-substrate pool dynamics under physio-
logical conditions. This analysis was based on the model organism E. coli and is limited even for this
organism due to limited flux and proteomics data. For example, the data compiled here contained 14
co-substrate reactions with experimentally measured fluxes, but only half of these could be used due
to lack of measurement on enzyme concentrations. We hope that the presented theory will provide
motivation to further expand the available data sets, especially for reactions relating to co-substrate
linked reactions. In this quest, we expect that the expansion of measurements to eukaryotic cells to be
particularly challenging due to organelle-specific pools, but some progress is being made to achieve
at least mitochondrial and cytosolic measurements (Chen et al., 2016). Despite the current limita-
tions, our data-based analyses highlighted three key reactions, that are possibly limited by co-sub-
strate dynamics, and that are mediated by phosphoglycerate kinase (PGK), malate dehydrogenase
(MDH), and glucose-6-phosphate dehydrogenase (G6PDH) and linked to ATP, NADH, and NADPH
pools. Possible flux limitation of these reactions by co-substrate dynamics can also be subjected to
further experimental study -— as we discuss further below.

Overall, the presented theoretical results could contribute to our understanding of two commonly
observed metabolic dynamics that arise under increasing or high substrate concentrations, and
that are shown to cause either ‘substrate-induced death’ (van Heerden et al., 2014) or 'over-
flow metabolism’. The latter usually refers to a respiration-to-fermentation switch under respiratory
conditions (e.g. the Warburg and Crabtree effects [Warburg, 1956, Diaz-Ruiz et al., 2009; Basan
et al., 2015; Meyer et al., 1984]), but other types of overflow metabolism, involving excretion of
amino acids and vitamins, has also been observed (Ponomarova et al., 2017, Jiang et al., 2018).
Several arguments have been put forward to explain these observations, including osmotic effects
arising from high substrate concentrations causing cell death and limitations in respiratory path-
ways or cell's protein resources causing a respiration-to-fermentation switch (Diaz-Ruiz et al., 2009;
Majewski and Domach, 1990; Basan et al., 2015). Notwithstanding the possible roles of these
processes, the presented theory leads to the hypothesis that both substrate-induced death and
metabolite excretions could relate to increasing substrate influx rate reaching close to the limits
imposed by co-substrate dynamics. There is experimental support for this hypothesis in the case of
both observations. Substrate-induced death and associated mutant phenotypes are linked to the
dynamics associated with ATP regeneration in glycolysis (Teusink et al., 1998; Koebmann et al.,
2002; van Heerden et al., 2014). Based on that finding, it has been argued that cells aim to avoid
the threshold dynamics through allosteric regulation of those steps of the glycolysis that involve ATP
consumption (Teusink et al., 1998). In the case of respiration-to-fermentation switch, it has been
shown that the glucose influx threshold, at which fermentative overflow starts, changes upon intro-
ducing additional NADH conversion reactions in both yeast and E. coli populations (Vemuri et al.,
2006; Vemuri et al., 2007). In another supportive case, sulfur-compound excretions are linked
to alterations in the NADPH pool through changes in the amino acid metabolism (Olin-Sandoval
et al., 2019; Green et al., 2020).

Dynamical thresholds relating to co-substrate pools would be relevant for all co-substrates, and
not just for ATP or NADH, which have been the focus of most experimental studies to date. We
would expect that altering kinetics of enzymes involved in co-substrate cycling can have direct
impact on cell physiology, and in particular on metabolic excretions. This prediction can be tested
by exploring the effect of mutations on enzymes linked to co-substrate consumption and production,
or by altering co-substrate pool sizes and assessing effects of such perturbations on the dynamics
of metabolic excretions. These tests can be experimentally implemented by introducing additional
enzymes specialising in co-substrate consumption or production (e.g. ATPases, oxidases, or other)
and controlling their expression. It would also be possible to monitor co-substrate pool sizes in cells in
real time by using fluorescent sensors on key metabolites such as ATP or glutamate, or by measuring
autofluorescence of certain pool metabolites, such as NAD(P)H, under alterations to influx rate of
glucose or ammonium.
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Besides acting as a flux constraint, we find that co-substrate pools can also allow for regulation of
pathway fluxes through regulation of pool size or turnover dynamics. We find that such regulation can
take the form of balancing inter-connected pathways, thereby ensuring correlation between outputs
of different metabolic processes, or regulating flux across branch points. Regulation of fluxes through
co-substrate pools can act to adjust metabolic fluxes at time scales shorter than possible via gene
regulation, and possibly at similar time scales as with allosteric regulation — especially when consid-
ering pool size alterations through exchange among connected pools. Possibility of such a regulatory
role has been indicated experimentally, where total ATP pool size is found to change when yeast cells
are confronted with a sudden increase in glucose influx rate (Walther et al., 2010). In that study, the
change in the ATP pool is found to link to the purine metabolism pathways, which are linked to several
conserved moieties; GTP, ATP, NAD, NADP, S-adenosylmethionine, and Coenzyme A. These findings
suggest that cells could dynamically alter pool sizes associated with different parts of metabolism,
limiting flux through some pathways, while allowing higher flux in others, and thereby shifting the
metabolites from the latter to the former. This could provide a dynamic self-regulation and the pool
sizes of key co-substrates could be seen as ‘tuning points’ controlling a more complex metabolic
system. We thus propose further experimental analyses focusing on co-substrate pool sizes and turn-
over dynamics to understand and manipulate cell physiology.

Materials and methods

Model of a single reaction with co-substrate cycling
The metabolic system shown in Figure 1A comprises the following biochemical reactions:

kin
— My

M] Kout

Mo+ Ag +— M| + A
Ag — Ay

where metabolites are denoted by M; and the different forms of the co-substrate are denoted by A;.
We assume additional conversion between A; and A,, mediated through other enzymatic reactions.
The parameters k;,, and k. denote the in- and out- flux of M, and M, respectively, from and to other
pathways or across cell boundary. The ordinary differential equations (ODEs) for the system shown in
(3) (and Figure 1A), using irreversible Michaelis-Menten enzyme kinetics would be:

dmy _ ko — Vmax,E, d0Mo
dt m Km gy + apmgp

dmy _ Vmax,Eg apmg

= — ki tm
dt KM,EO + agmy out™

dag _ Vinax,E, @1 Vinax,Ey oMo

dr — Ky, + a1 Km gy + agmgp

day _ Vmax,Eg aopmy o Vmax,E,l aj
dt KM,EO + agmy KM,EH + aj

where m; and a; denote the concentrations of M; and A; respectively, Ky denotes a composite param-
eter of the Michaelis-Menten coefficients of the enzyme for its substrates, and Vmax is the total enzyme
concentration times its catalytic rate (i.e. Vmax = kcatEtot) (see Appendix 11—table 1 for a list of param-
eters and their units). We further have the conservation relation ag + a; = Ao, where Ao is a constant.
This assumption would be justified when influx of any form of the cycled metabolite into the system is
independent of the rest of the metabolic system (see further discussion and analysis in Appendix 2).
The steady states of (4) can be found by setting the left side equal to zero and performing algebraic
re-arrangements to isolate each of the variables. The resulting analytical expressions for steady state
metabolite concentration are shown in (2), and in Appendix 3 for this model with reversible enzyme
kinetics, as well as for other models.
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Symbolic and numerical computations

For all symbolic computations, utilised in finding steady state solutions and deriving mathemat-
ical conditions on rate parameters, we used the software Maple 2021, as well as theoretical results
presented in Torres and Feliu, 2021. To run numerical simulations of select systems, we used Python
packages with the standard solver functions. All numerical simulations were performed in the Python
environment. The main model simulation files relating to Figures 4 and 5 are provided as , while all

remaining simulation and analysis scripts are made available through a dedicated repository (West
et al., 2023).

Reaction fluxes and enzyme kinetic parameters

To support the model findings on co-substrate pools acting as a possible limitation on reaction fluxes,
we analysed measured and FBA-derived flux data collated previously (Davidi et al., 2016, Gerosa
et al., 2015). We focused our analyses on reactions involving co-substrates only. We compared
measured (or FBA-derived) fluxes to flux thresholds based on enzyme kinetics (i.e. first condition
in Eq. 2). To calculate the latter, we used data on enzyme kinetics and levels as collated in Davidi
et al., 2016, which is based on the BRENDA database (Chang et al., 2021) and proteomics-based
measurements (Schmidt et al., 2016). We note that most available kinetic constants for enzymes have
been obtained under in vitro conditions, which can be very different from those of the cytosol (Garcia-
Contreras et al., 2012). When comparing flux levels against co-substrate pool sizes, we used the
matching, measured pool-sizes from Gerosa et al., 2015. All the data used in this analysis is provided
in the Supplementary file 1, and through a dedicated repository (West et al., 2023).
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Appendix 1

The mathematical approach and modelling setting
As explained in the main text, we are interested in understanding the effect of co-substrate cycling
on the flux through metabolic pathways, such as those shown in Appendix 1—figure 1.

In these Appendices, we use a generic co-substrate pair, denoted as A,, A;. We consider the
synthesis or degradation of the co-substrate pair, or consider it as a conserved moiety, i.e. having
a fixed total concentration. Our generic co-substrate pair, A, and A, can be taken as representing
a specific co-substrate, such as NAD(H), but note that the mathematical analyses presented would
be applicable to any co-substrate pair in natural metabolic pathways (as discussed in the main text).

For our analyses, we consider a generalised model of a linear metabolic pathway, as well as
additional metabolic pathway structures. Throughout the presented analyses, we consider reactions
to be either enzyme mediated or not, and when they are enzyme mediated, we consider them
either to be reversible or irreversible. In the former case, the enzymatic conversions are shown as
M;_=M;, while in the latter case, they are shown as M;_;—sM;. These notations do not show
enzyme complexes explicitly, but we use enzymatic rates derived from reaction schemes accounting
for enzyme complexes (see below).

In certain models, we consider some, or all, cycling reactions of the co-substrate to occur
independently of the enzymatic reactions involved in the metabolic pathway, for example due to
hydrolysis reactions. We refer to this type of recycling as free conversion, for example in the case of
a generic co-substrate considered here, we have:

AgiiA,.
ke

We talk about irreversible co-substrate conversion, if ks = 0 or kg = 0, that is, only conversion in one
direction is considered. We talk about no free co-substrate conversion, if ks = kg = 0, that is, the co-
substrate cycling is only related through the reactions in the metabolic pathway.

ATP ADP ATP ADP NAD* NADH ADP ATP
e o

°
—»G|c<lA»esP<—> FSPAA»FLSFN—» PN G1,3P AL 3pge--cspEp ALPyrAL Lac <.
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Appendix 1—figure 1. Cartoon representation of select metabolic pathways involving co-substrate cycling.
(A) Cartoon representation of upper glycolysis pathway. Note that stoichiometric balance across the pathway
changes after F1,6P and metabolites and co-substrates highlighted with gray background have a stoichiometry
Appendix T—figure 1 continued on next page
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Appendix T—figure 1 continued

of 2. (B & C) Cartoon representation of nitrogen assimilation via glutamate and involvement of glutamate cycling
in amino acid biosynthesis. (D) Cartoon representation of metabolite cycles involved in one-carbon metabolism
around tetrahydorfolate. Enzyme and metabolite name abbreviations are: Glc — Glucose, G6P — Glucose-6-
phosphate, F6P — Fructose-6-phosphate, F1,6P — Fructose-1,6-biphosphate, G3P — glyceraldehyde-3-phosphate,
G1,3P - 1,3-biphospho-D-glycerate, 3 PG - 3-phospho-D-glycerate, PEP — Phosphoenolpyruvate, Pyr — Pyruvate,
Lac - Lactate, DHF — Dihydrofolate, THF - Tetrahydrofolate, AICAR - 5-amino-4-imidazolecarboxamide ribotide,
FAICAR - 5-phosphoribosyl-formamido-carboxamide, hk — hexokinase, ptk — phosphofructokinase, gapdh

— glyceraldehyde-3-phosphate dehydrogenase, pgk — phosphoglycerate kinase, pyk — phophoenolpyruvate
kinase, Idh — lactate dehydrogenase, glud — glutamate dehydrogenase, GOGAT - glutamate synthase, DHFR —
dihydrofolate reducatase.

Enzyme kinetics

Each metabolic pathway is modelled using either Michaelis-Menten (irreversible case) or Haldane

(reversible case) enzyme kinetics, for the individual reactions it comprises. The general kinetics can

be expressed as follows, where we let ag,a; denote the concentrations of the co-substrate pair A,

and A,, respectively and m; to denote the concentration of M;, the i-th metabolite in the pathway.
In the case of a reversible, enzymatic reaction involving a co-substrate and assuming simultaneous

binding of both substrates to the enzyme, we have the following reaction scheme:

kon kon,l kon,z
M;_| +Ayp + E=EM;_|Ay—EM;A|—=M; + A| + E.

Koft koft.1 koft.2
For this reversible reaction scheme, the rate of production of M; takes the form

_ EiLi_ym;_a9 — FiKimja,
KiLi—1 + Kimjay + Li—y mi—jaq

v

Likewise, for the reversible enzymatic conversion M;_;=M;, we have the following reaction scheme:

k‘i\ koi\ koi\
M,_| + E=EM;_|—EM;—=M; + E.
kott kotf,1 Koft.2

The rate of production of M; is given by

_ _ EiLioimiy — FiKim;
KiLi 1+ Kim;+ L1 m;_

Vv

In both of these reversible rate equations, the parameters K and L are equivalent to the Haldane
coefficients Ky and Kp, respectively and are given by
K. = Konikon2 + kottkona + Kottkorrr 0/ = k on,1kon,2 + Koftkon,2 + Koftkoff, 1

' kon(kon,2 + koff,1 + Kon,1) l kott,2(koff,1 + K on,1 + Kofr)

()

When there are two substrates that take part in the reaction, the k,, and ko, parameters are
composite parameters composed of two binding coefficients, one for each substrate. This does not
affect the derivations, so for convenience we use Kg and Kp.

The parameters E and F correspond to the Haldane coefficients kcar+ and kqq—, multiplied by the
total enzyme concentration (denoted Eio, below), and are given by

kon,1kon,2 koftkott,1
Ei=Eo——>—"—— and F;=Eo—i—"——. 6
' kon2 + koff,1 + Kon,1 ' koft + koff,1 + kon,1 ©

For the irreversible enzymatic reaction, the reaction schemes simplify to:

kon keat
M;,_1+Ayp+ E=EM,;_1Ag—M; + A| + E.

off

Kon Kea
M;_| + E=EM,;_ =M, + E.

Kot
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And the rate of production for the two cases are given by

Eim;_1ag Eim;_

and y= 1=
K +m;_

V=

K;+m;_1a9
where E; is the catalytic rate coefficient of the i-th enzyme multiplied by its total concentration,
and K; is its Michaelis-Menten coefficient. Again, when there are two substrates, the k., parameter
is a composite parameter composed of two binding coefficients, one for each substrate. As in the
reversible case, this does not affect the derivations, so we use K; for convenience. Influx and outflux
follow non-enzymatic reaction kinetics, with reaction rate constants as indicated by the labels of the
reactions.

Analytical approach

Our mathematical analysis is primarily concerned with finding conditions on the kinetic parameters,
if any, that imply that the system has a positive steady state. This is different than system reduction,
for example as done in the analyses leading to Michaelis-Menten kinetics. Our analysis distinctively
solves the entire system for steady states and determines conditions on kinetic parameters to satisfy
the steady state equations.

Thus, for each of the metabolic pathway motifs we consider, we build the ODEs defining the
rates of change of variables, find the conservation laws among variables, and consider a system of
equations whose solutions are the steady states of the ODEs constrained by the conservation laws.
We then follow one of two strategies. We first attempt to solve all equations for all concentrations.
For some systems, we readily get an expression in terms of the parameters of the system. For other
systems, this approach is not possible. In this case, using all equations in the system but one, we
solve for the steady states of all concentrations but one. This gives all concentrations in terms of the
remaining concentration, say x. Plugging these expressions in the remaining equation of the system,
we obtain a final equation whose solutions characterize the steady states of the system. We need
then to study when the solutions obtained this way are positive.

We are also interested in proving if a given system has a positive steady state for all parameter
combinations, and that this steady state is stable. When there is one positive steady state, we find
the Hurwtiz determinants associated with the characteristic polynomial of the Jacobian of the system
of ODEs, evaluated at the steady state. If these are all positive, then the steady state is asymptotically
stable (Torres and Feliu, 2021).

To decide on the existence of a steady state, throughout the analysis, we will use repeatedly the
following lemma, which is a consequence of the well-known Descartes’ rule of signs.

Lemma 1. Let p(x) be a univariate polynomial of degree two, with negative leading term. If at
some value T, we have p(T) > 0, then p has a root in the interval (0, 7) if and only if the independent
term of p is negative.

Proof. The Descartes’ rule of signs establishes that the number of positive roots of a polynomial
cannot exceed the number 7 of sign changes in the sequence of coefficients ignoring zero
coefficients, and the difference between 7 and the number of positive roots is an even number. As
the polynomial p in the statement attains positive values, it must have some positive coefficient.
Furthermore, as the degree two polynomial has negative leading term, the sequence of the sign
of terms (when terms are ordered from lowest exponent to highest) is one of the following + + —,
+———+— +0—, 0+ —.

If the independent term is positive or zero, then the sign sequence isone of + + —, + — —, +0—,
0 + —. In this case, there is one sign change in the sequence, and it follows that the polynomial has
exactly one positive root. As p(0) > 0, p(T) > 0 and p becomes negative as x goes to +oo, the root
must be in the interval (T, +00).

If the independent term is negative, then the sign sequence is — + —. The polynomial is negative
both at 0 and at +o0. As p(T) > 0, there must be a positive root in (0, 7) and one in (T, +00), and there
cannot be more by the Descartes' rule of signs. From this, the statement of the lemma follows.
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Appendix 2

Considering co-substrate pool size
We first consider cycling of a generic co-substrate Ay and A;, with biosynthesis and degradation of
both forms.

k k3 k:
0==Ag O0==A; A=Al
kz ky ke

We suppose that the biosynthesis occurs at a constant rate, while degradation and cycling are
proportional to the concentration of the relevant chemical species. Writing ag = [Ag] and a; = [A4],
the differential equations for these concentrations are:
dao — ey — (kg + & k
a = k1 — (ko + ks)ag + keay
% = k3 — (k4 + k6)a1 + k5a0.

Since all the terms are linear or constant, the steady state values are the solutions of the linear
equation:

—(k + ks)kg agp —k
k5 — (k4 + k6) a _k3

The steady states are then found to be:

_ kiks + kike + k3kg koks + k3ks + ki ks

a0 = kaks + koky + kokg ’ a= kaks + kokg + koke ’

If we consider the case where the synthesis and degradation rates of the different forms of the co-
substrate (i.e. cycled metabolite) are the same, i.e. k; = ks=k; and k, = k,=kg, these equations simplify
to:

= ks(kq + 2ke) o = ks(kg + 2ks)
07 kaky + ks + kg)” U7 kaky + ks + kg)”

and the eigenvalues of the Jacobian of the system evaluated at this steady state are always real and
negative. When ky is sufficiently small compared to co-substrate conversion rates, it can be safely
neglected in the brackets, resulting in the expression of steady state formulas as:

Dkgkslky Dkeskslky
a0 = - ay = -
ks + k¢ ks + kg

We can compare the above expressions with those obtained from the case, where we assume a
constant pool size of the cycled metabolite (i.e. k; = ky = k3 = k4 = 0). In that case, the steady states
are ag = Tke/(ks + k) and a; = Tks/(ks + kg), where T is the total pool size. Thus, under the limit of
degradation rates being much smaller than conversion rates, the two cases will be identical and co-
substrates will act as a conserved moiety for the rest of the metabolic system.

If we now assume that the cycling of co-substrates is an enzymatic reaction and make the same
simplifying assumptions as above that k; = k3 = ks and ky = k4 = k4, the ODEs for the system are:

@ _ apgEqLy — a1 FaKy

= ky — kgag — ,
dr T T T e ¥ arKa + Kala
da1 aoEaLa - alFaKa
Yk — kgay + .
dr S T AT e+ a1Ka + Kala

The only real and positive steady state is now found to be:
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ay = (KaLakg + Ka(Fq + 3ks) + La(Eq — ky)

—v/—4Kaks(Ka — La)2(Fa + k) + kaLa) + (FaKa + 3Kaks + EaLa + KakaLa — ksLa))/(2ka(Ka — La)).
ay = (— Kqlakq — Kq(Fa — 3ks) — La(Eq + 3ks)

+v/—4K.ks(Ka — La)2(Fq + ks) + kaLa) + (FaKa + 3Kaks + EaLa + KakaLa — ksLa))/(2ka(Ka — La)).

This is stable as long as all parameters are positive. Note that in the case of K, = L4, the steady
state solutions converge to a real number less than infinity by I'Hopital’s Rule. Also, note that the
sum ap + aj is constant as in the non-enzymatic case presented above. Thus, whether the metabolite
cycling is considered as a non-enzymatic or enzymatic (i.e. following Michaelis-Menten kinetics)
reaction, the co-substrates will act as a conserved moiety for the rest of the metabolic system in
both cases.
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Appendix 3

Single reaction models
In this section, we derive results for a single reaction of two metabolites, involving co-substrate
cycling or not, as presented in the main text.

Enzymatic reaction with co-substrate cycling
We first reconsider the case where all reactions, including the off-pathway cycling, are enzymatic
(hence are modelled with Michaelis-Menten kinetics). The reactions are:

Okl>M() My + Ag=M| + A M, ﬂ)0 Ag=A;.

This corresponds to the motif depicted in Figure 1A of the main text, and the resulting ODEs are:

dmy 1 E|Lomgay — F1K1mya;
dt mn Kimyay + Loagmgy + K1Lg

dm; _ E\Lomgag — F1Kymja;

= — koutm
dt Kimiay + Loagmgy + K1Lg out
% _ E1L0m0a0 — F1K1m1a1 o EaLaao — FaKaal
dr Kimiay + Loagmg + K1 Lo Kaay + Laag + KaLa
% _ ElLomoll() — F1K1m1a1 EaLalZ() — FaKaal

dr ~ Kymya; + Loagmgy + KL Kaa; +Laa0+KaLa'
This ODE system has one conservation law, namely the sum of a, and a, is constant:

ap + a; = Avot.

The steady states of the system are:

_ Kikin
mgy = Qa,
(E\ — kin) (FaAwot — kin(La + Ator))
kin
my = N
'™ kout
an = Ka (FaAtot - kin(La +At0t))
07 Ka(Fa — kin) + La(Ea + kin)’
. La (Kakin + T(Ea + kin))
1

" Ka(Fa — kin) + La(Eq + ki)
where, we introduced the composite parameter «, as follows:

o koutLo (Ka(Fa — kin) + La(Ea + ke)) + (F1 + kin)La(Kakin + kinAtot + EaAtot)

KaLOkout (7)

For the steady state equations given above to be positive, the following conditions must be satisfied:

FaAtot

kin <Ey and ki < ——.
in 1 in Lo + Aot

(8)

Note that as % < Fg4, the second condition readily implies k;, < F, and « is positive. When there
is a positive steady state, then it is asymptotically stable.

If the main pathway is irreversible, but the co-substrate reaction is still reversible, the ODEs
describing the system dynamics are:
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dm
amo _ kin —

dt

Eympag
Kq +mgagy’

dmy _ Eympag

= — koutmy,
dt K +mgag !
day _ Eymgag  EaLaag — FaKaa;
o Ky +mpay  Kaay + Laag + KaLa®
@ — Eympag EqLaag — FaKaay

dr Ky +mgag  Kaay + Laag + KaLa '

The steady state of the system is:

_ Kikin
my = «,
(E1 — kin)(FaAtot — kin(La + Ator))
my = kin
kOl]t ’
_ Ka(FaAtot — kin(La + Atot))
ap = B
Kq (Fa - kin) + La (Ea + kin)
a Lq (Kakin + Avwot(Ea + kin))
1

"~ Ka (Fa — Kin) + La (Ea + kin)

where the composite parameter « is defined (differently to the reversible case) as:

o Ko (Fa — kin) + La (Ea + kin)

X, . 9

For this to be positive the same conditions as in the reversible case must be satisfied:

FaAiot

kin < Ey and kjp < ——.
in 1 in Lo + Arot

(10)
When these are satisfied, « is positive, and the positive steady state is asymptotically stable.

If the main pathway is irreversible, and the co-substrate reaction only flows from A; to A,, the
ODEs describing the system dynamics are:

dmo —k E1m0a0

da ~— " Ky + moag’
dm Eympag
— = — kouvmy,

dt Ky +mgag

day Eympag Faay
dt Ky +mgpay Lo+ ag ’
day _ Eymgag Faa;

dr K1 + moag Lo+ ag ’

The steady state of the system is:
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my = K kin o

(E1 — kin)(FaAtot — kin(La + Ator))
my = kin

kout’

kinLa
ap = A[ t— ———,
® Fa—kin

a = kinLa

Fa — kin '

where the composite parameter a is defined as:
a=F; — ki 11)

For these steady states to be positive the same conditions as in the other two cases must be satisfied:

FaAtot

kin < Ey and ki < ——.
in 1 in Lo+ Aror

(12)
When these are satisfied, the positive steady state is asymptotically stable.

Enzymatic reaction with co-substrate cycling, biosynthesis and degradation
To extend the previous analysis we consider the same simple scenario where a pathway involves a
single co-substrate consuming reaction and a back reaction re-generating the co-substrate, with the
addition of synthesis and degradation of the co-substrate forms. This system is comprised of the
following reactions:

kin Kou
0—M My + Ag=M| + Ay My =0
ks kq ko
Ap=—A1 0=Ay 0=A
ke kg k1o
The resulting system of ODEs is:
dmg . ELomgag — F1Kjmja)
e " Kimyay + Loagmg + K1 Lg

dm;  ELymgag — F1Kimja;
dr Kymjay + Loagmgy + K1Lg

— koutm

da() ElLomoaO —F1K1m1a1
— == — (ks + kg)ag + keay + k
dt Kimiay + Loagmg + K1 Lo (ks 8)do 61 7

da; _ EjLompag — F1Kima;
dr — Kymyay + Loagmgy + KLy

+ k5a0 — (k6 + kig)a; + kg.

The steady state concentrations are then given by:
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_ kiolk7 = kin) + ke(k7 + ko)
k10k5 + kygkg + kekg

a1 = Kslko + Kin) + ks (k7 + ko)
! k1oks + kioks + keks

_ Kikin ((F1 + kin)(kg(kg + kin) + ks(k7 + ko)) + koutLo(k10ks + k1okg + kekg))
Lokout (E1 — kin) (kio(k7 — kin) + ke (k7 + ko))

mo

kin

le][

m
These expressions are positive if and only if

k
kin < k7 + ki(k7 + ko) and kin < Ej.
10

If the main path is irreversible, similarly to the previous section, the ODEs describing the system’s
dynamics, are:

dmy o Eimgag

dt n K| + mgag
dm; _ Eymgag
— — koutmy

dr K1 + mpag

da() Elmoao

20— 0T (ks + kg)ag + keay + k
dt Ky + mpag (ks 8)do 641 7
da1 _ E1m0a0

=——+k — (ke + k kg.
i K1+m0a0+ sag — (ke + kip)ay + ko

The steady state in this case is:

_ kio(k7 = kin) + ke(k7 + ko)
kioks + kiokg + kgke

ar = kg(kg + ki) + ks(k7 + ko)
! k1oks + kioks + kske

K1 kin(k10ks + k1okg + kgke)

m =
07 (Ef — kin)(kio(ky — kin) + ke (k7 + ko))
my = kin
kOut ’

These expressions are positive if and only if
ke
kin < k7 + r(k7 + ko) and kin < E.
10

Comparing these results with those of Subsection C.1, we see some similar themes. Firstly, the total
amount of co-substrate ag + a; at steady state is a constant, even when it is not explicitly considered
to be a conserved moiety. Secondly, one of the conditions for a positive steady state is ki, < Ej,
and any other conditions take the form k;, < f, where f is a function of the parameters controlling
synthesis, degradation and the turnover of the co-substrate. Thus, in the analysis that follows, we
only consider the case of conserved co-substrate, as adding synthesis and degradation only affects
the quantitative results, not the qualitative behaviour.
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Enzymatic reaction without co-substrate cycling
Considering an enzymatic reaction without co-substrates, the reactions are:

4 k
0fmMy  Mom=My My X0
k>
The resulting system of ODEs is:
dm() =k — E]LomQ—FlK]ml
da " Kymy + Lomgy + KL

dm; _ E\Lymg — F1K m
dr Kimy + Lomg + KLy

— koutml .

In this case, there is no conservation law, and the steady states of the system are:

_ Kikin (Fl + kin + koulL()) = kin
koutLo (El - kin) ' : Kout

mo

These expressions are positive if and only if k;, < E; and the steady state is asymptotically stable
when this holds.

If the main path is irreversible, the ODEs describing system dynamics are:

dmo Elmo

=0 gy, — 0
dt Ky +my

dm] E1m0

— = ———— — koumy,
dt K| +my out

and the steady state is:
mo = Kikin my = kin
E| — kin ’ kout

Again, expressions are positive if and only if ki, < E; and the steady state is asymptotically stable
when this holds.

From this we see that the condition k;, < E| for stability in the enzymatic system with co-substrate
cycling is a result of the reaction being enzymatic.

Non-enzymatic reaction with co-substrate cycling
Consider a theoretical case of non-enzymatic reactions for the main reaction:

Kout

kin k k
0—M My +A0;I‘M1A1 Mi——=0 AoéAl.
ko ks

The resulting system of ODEs, describing system dynamics, is:

dmg = ki, — kymgag + komyay

dt

% = kymoag — komya; — koumy

ddito = —kympag + kpaym; — kzay + kgay
ddizl = kymoag — kymyay + kzag — kaa;

There is the conservation law
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apg+ay = Atot.

The steady state of the system is:

— kin(k2(kin + kSAtot) + kout(k3 + k4))
klkoul(k4Atot - kin)

kin
m = 2,
" Kour
k4Atot — kin
ag = ————1
k3 + ky

_ k3Atot + kin
k3 + kg

These expressions are positive if and only if ki, < k4Arwr, and when this is satisfied the steady state is
asymptotically stable.
If the system reactions are irreversible, the ODEs describing the system dynamics are:

dm()

— = kin — kymoa

dr in 1Mopdo
dm

7[1 = k1m0a0 — komml
day

— = —kymgag + kqa
dt 1Mopdag 4d1

% = k1m0ao — k4a1

and the steady state is:

L ak
07 & (kaAor — kin)”
kin
mp = ——,
'™ kou
ap = kaArot — kin
ky ’
_ kin
ay = k4 .

As in the reversible case, these expressions are positive when ki, < k4Awr and the steady state is
asymptotically stable when this holds.

Hence, we see that introducing co-substrate cycling always introduces a new constraint into the
system, even in this simple case where the cycling is not enzymatic.
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Appendix 3—figure 1. Concentrations of non-accumulating metabolites vs k;, in the models presented in
Figures 1 and 2 of the main text. (A) Concentration of non-accumulating metabolite M; from Figure 1. Red line
shows the critical k;, value, after which the concentration of M, remains constant (B) Concentrations of non-
accumulating metabolites from the models presented in Figure 2. Blue line shows the threshold value for k;,. Once
the threshold value for k;, is reached the concentrations of the non-accumulating metabolites do not change.

Aot =107 1in panel (A) and 10° in panel (B). All other parameters are the same as their counterparts in the main
text.
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Linear, arbitrary length, pathway model with co-substrate cycling
We consider next a linear, generic pathway of n+ 1 metabolites, and comprising the following
reaction mechanism:

Okiﬂ‘/[() My + Ag=M; + A4 M,_ 1+ A=M, + Ay (13)
kOu
Mi=M, - M;_1=M;=M;---=M,_; My —50.

Steady states of the linear pathway model: the case with n=3
We first consider the dynamics of model (13) with n = 3, as this is the minimal pathway length where
the system makes biochemical sense. This system has the form:

kin
0—My Mo+ Ag=M|+A; M;=M,

M550 My + Aj=M; + A

(14)

Considering reversible reaction kinetics, the evolution of the concentrations of the species in time is
modelled by the following ODE system:

d " Kymaj + Lomoay + K{Lg

% ki — E]Lomoao—F1K1m1a1

dml _ ElLoman—FlKlmla] . E2L1m1 —F2K2m2
dr Kimja; + Lomgag + K1Lg  Koymy + Limy + KrLy

dm2 _ E2L1m1 — F2K2I’Vl2 _ E3L2m2a1 —F3K3m3ao
dt — Koymp +Limy + KoLy Kzmzag + Lympay + K31y

dmy _ Ezlympa; — F3Kzmzag

= — koutm
dt Ksmzag + Lompay + K3Ly out™3
@ _ _ EiLompag — Fi1Kymja; Eslymya; — F3Ksmsag
dr Kymyay + Lomgag + K1Ly  Ksmzag + Lompay + K3y
day _ EjLoymoag — F1Kimya;  Ezlymya) — F3K3mzag

dr Kimyay + Lomoag + K1Lg Ksmzag + Lympay + K3L, '
The system has two conservation laws:
ap + ay = Aot, my +my+ag=W. (15)

dm dm dm dm _
Solvmg recurswely the steady state equations given by e+ TR =0, TR =0, T2+ T =0,

d’”‘ + dt2 + df = 0 for m3, my, my, mg and the first conservatlon Iaw We obtaln

Ky ((F1 + kin)mya; + Lokiy)

my =

apLo (E1 — kin) ’
— K> ((F + kin)ma + Likin)
1 ,
Ly (E> — kin)
” kinK3 ((F3 + kin)ao + Lokout)
2 = ,
koutai Ly (E3 - kin)
kin
= Jn = At — ap.
" out 4= Aot Ao (16)
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By substituting recursively m, in m; and m; in my, we obtain expressions of all variables at steady
state in terms of a,. For these to be positive, it needs to hold that 0 < ag < Aor, and further

kin < miH(E],EQ,E:;). (17)

We substitute (16) into the remaining conservation law, and obtain a polynomial in a, whose roots
in the interval (0, T) are in one-to-one correspondence with the positive steady states, provided (17)
holds. The polynomial is

plag) = —LiLokou (E3 — kin) (Ez — kin) a5 + (LiLokout (Ator + W) (E3 — kin) (E2 — kin)
—K>Ly Lokinkout (E3 — kin) + K3kin (F3 + kin) (E2L1, +F2K>)
+K3ki2n (Kz - L]) (F3 + kin’) )ao + 0LK> a,

where
a = kin(kin + F2)K2K3 + kinAwot(E3 — kin)KaLy + kin(E2 — kin)K3L1 — Atot W(E3 — kin)(E2 — kin)L1. (18)

As ag = Awor, we have p(Awr) > 0, and hence, by Lemma 1, the system has positive steady states if
and only if a < 0.

Note that at ki, =0, a = — Aot W(E3 — kin)(E2 — kin)Ly < 0. Hence, for &, small enough, o < 0 and
also (17) holds, and the system has a positive steady state. The steady state value of a, is found by
solving the quadratic equation p(ag) = 0 and considering the smallest root.

We note that « is a polynomial in ki, of degree 2 with negative independent term. The sign of the
leading term depends on the choice of parameters. If the minimum in (17) is attained at k;, = E or
kin = E3, then at this value of ki, « is positive independently of the rest of the parameters. Hence,
in the region of interest « is negative only in an interval of the form (0, B), where B is the smallest
positive root of a. The bound for positive steady states is now given as

kin < min(Eq, B).

If the minimum is attained at B, then, as kj, approaches B, the smallest positive root of p(ag)
approaches 0 as a approaches zero. Using this in (16), we obtain that

Bkou (F2K3+L1Aw (E3—B) +BK3)

myg — 00, m B
0 kin— B ! kin— B LiAwi (Es—B) (E2—B)
(19)
BK3 B
my —— —— v my —— .
2 kin—B Alol(E3*B) 3 kin—B kout

If Ey < B, then k;, needs to be smaller than E;. When k;,, approaches E;, a, approaches the root of
p when ki, = Ej, which is not zero. Then m still approaches co as it has E; — ki, in the denominator,
while my, m; converge to some positive value.

Steady states of the linear pathway model: the general case
We consider the dynamics of model (13) with n taking any positive value strictly larger than 1, and
positioning the co-substrate recycling in arbitrary places.

04 M,

Mo=Mj=---=My_1=M, My + Ag=Mpy1 + Ay

Mpp=-=M,_1=M, My + A1=M,11 + Ag (20)
Mpp1=- =My 1=M,

Mo 2250,

For the system to make sense biochemically, we require 0 <¢<p—-1<n-—1.
To write the equations in a simple format, we write

Xi = m;j, i#4,p, X¢ =myag, Xp = mpay

and
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Vo1 = Myq1a1,  Yp+1 = Mpy1do.

We start with the reversible reaction kinetics. Then the associated ODE system becomes:

dmg B E\Loxo—F 1K)y
dt m- KiLo+Loxo+Kyi
dmi _ EL_\x_.—FKy _ EiiLixi—Fir1Kiv1 yisi i=1 n—1
dt T KiLi—1+Ki yi+Li— 1 xi—1 Kiv1 Li+Kit1 yiy1+Li x; -
dmn— _ ELiixioi—FiKiys
di - KL tKyyetL,_ix,y  fout!ln
dag — _ Bl xg—Frr1Kest yer Epi1Lp xp—Fp1Kpt1 Ypt1
dt KesiLe+Loxe+Ker1yes Kot1Lp+Lpxp+Kpt1Yp41
@ — EeniLexe—FpuiKer1 Yer1  Eprilp Xp—Fpr1Kpi1 ypu1
dt Kor1Le+Lexe+Kes1ye41 Kpr1Lp+Lpxp+Kpi1Yp41 *
This ODE system has precisely two conservation laws:
ap + ay = Atot, Mg+ +mp+ag=W.
Note that we have the following equalities:
dmy ‘.. dm; e Ei1Lixi — Fiy1Kiv1 Yi1 i=0 ne1 21)
— Mn s = Useeney
dr dt Kiv1Li + Kit1 yiy1 + Lix;
dmy dmy,
7+"'+ ar = kin — kout Mn (22)
Fori=1,...,n—2, by solving (21) for x;, we obtain the following recursive formulas:
_ K1 (kinLi + (kin + Fiz1) vie1) _
;= , =0,...,n—1. (23)
(Eiv1 — kin)Li
Finally, from (22) and the conservation law ag + a; = Atot, we obtain
_ kin A
o = aj = Aot — dp. (24)
Oul

These expressions are all positive if and only if 0 < ag < At and kiy < Ejfori=1,...

,n. Note that the

value of m; can now be found recursively from m, using (23), as we show next.
Recallthat 0 < ¢ < p—1<n— 1. Then, it holds

Vi = Xi€i, e=1Li#0l+1,p,p+ 1, Egze/;ll:al—o, e“]:e;l:al.
We write for shortness
l=1i+bixi+l’ P= 0.1
Ci
where fori=0,...,n—1,
% = kinKiv1Li  bi = €1 (kin + Fiy1)Kit 1 ¢i = (Eit1 — kin)Li. (25)

Then we claim that

(ZJZI Zj(bi - bj_1)(cjg1 -+ 'Cn—l)) +(bi- - by—1)xn

X =

] 1.
i Cpel (26)
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We prove this by descending induction on i. Note that products over an empty index equal 1. For
instance, b;---bj_;. For i = n — 1, (26) agrees with (23). Assume the formula is true for some , and
we prove it for j — 1. To do so, we use (23) and the induction hypothesis for x. Forn —1>i—1>0,
we have

(Z}:l Zj(bi+-bj—1)(Cjx1 "'Cn71)> +(bi++ by —1)xn
oy = Gl +biix _ Gi—1+bic G Cn i
. Ci—1 Ci—1

Zi—1Ci**Cp—1 + bi—y ((Z;‘:ilzj(bi“'bj—l)(cj+l ‘ "Cn—l)) +(bi"'bn—l)xn)

Ci—1Ci* " Cp—1

it + (05 G0 b )G ) + Bt ba D

Ci—] " Cp—]

(ZJ’:L Zj(bi—1 - bj—1)(cj+1 "'Cn—l)) + (bi—1 - by—1)xn

Ci—1 """ Cp—1

This is (26) for i — 1. Hence, the formula holds. Finally, we can use that x, = m, = % to obtain:

Kout (575" 51+ by Dejen -+ 1)) + (bi -+ bu—1 i

kout ¢+ Cp—1

. i=0,...,n—1. (27)

X =

Let
o j
buj = | [kin + FirDKix1,  Cuji=cu--¢j = | [(Eis1 — kin)Ls.

i=u =u

This gives:

n—1
kout <Z zj(bi - - - bj—1)6j+1,n—1> + (bi -+ by—1)kin
J=i

(28)
m; = - , i#4,p,
kout Cin—1
n—1
k 2ibi+bi_)Cisin_1 | + Bi- - by_1k;
out jgl j\Di j—1)Cj+1,n—1 i n—1/Kin (29)
my = N
¢ aokout Con—1
n—1
k Zibi bi_)Cisin_1 | + Bi- - by_1k;
out ]2 j\Di j—1)Cj+1,n—1 i n—1JKin (30)
mp =

(T — agYkout Cpp1

Remember that by, byi1,bp, bps1 depend on ag, aj, while the rest of b’s do not. For a product of the
form by - - - b with u < j, we have the following:

fu<e-1:
mukin + FipDKipy j<l{—1 0rp<j
buve by = Tl (kn + Fir)Kip1 j=0—1, 0rj=p—1
Tl kin + Fi)Kin1 £—1<j<p—1
fu=2¢:
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ay [T, kin + FixDKip1 j<p—1

bu---bj = [T, kin+ FisDKiy1 j=p—1

ao [T, kin + FixDKiy1  p <.

fe<u<p—1
[T (kin + FisDKir1 j<p—1
by---bj= % {:zu(kin +Fi DK j=p—1
@ Thukin + FirDKiv1 p <.
If u=p:
J
bu---bj = a H(ki“ + FipDKit1-
i=u
Ifu>p:

Jj
bu- b = | [tkin + Fix)Kit1.

i=u
Summarising by - - - bj, equals

[P kin+ Fiu)Kiy1  u<l—1lj<l—1l,oru<l—1lp<joru=~Lj=p—1,
orl<u<p—1lj<p—1,0oru>p

LTl kin + FiuDKir1 j=L—1oru<l—1j=p—1

G, Kin+ Fi)Kipt u<f—10—1<j<p—1

ay [Ty kin + FisDKip1  u=Lj<p—1

ao [Timykin + FirD)Kis1  u=Lp<j oru=p

LTl Gkin + FixDKip1 £<u<p—1lj=p—1

a; 1li=u

@ P kin+ FisDKip1  L<u<p—1,p<].

ay i=u
Observe that for all i, the summand of Z;-:-] zj(bi - - - bj—1)(¢jy1 - - - cp—1) corresponding to i = j is
zi(Cip1 - - Cn—1),

which does not depend either on a, or a; .

In particular, we deduce that m; for i < £ — 1, the term (p; - - - b,_;) does not depend on ay,a, and
in the sum 27:—11 zj(bi - - - bj—_1)(¢jt1 - - - cp—1) there are summands involving a—lo, for eample when j = ¢.
Hence m, for i < ¢ — 1, goes to infinity as a, goes to zero. Note that a; goes to T when a, goes to
zero. When i = ¢, the denominator of m; is multiplied by a,. As the numerator has at least one term
that is not multiple of ay, my goes to infinity as well. We conclude that

m; ——— o9, 0<i</.
a()—>0

When i > ¢, then no summand in the numerator of m; in (27-29) that involves %, and neither the
denominator has a, as factor. As the numerator has at least one term that is not multiple of a,, m
goes to a finite value as a, goes to zero.

m; ——— number, i> 4.
a()*}()
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The number can be found using (Equations 28-30) and is a function of the parameters of the
system, not involving W.

We consider now the remaining equation, namely the conservation law my,| +--- +mp +ag =W,
to determine the value of a,. We have

n—1
o p—1 Kout <Z Zj(bi"'bj—l)5j+1,n—1> +(bj++ by —1)kin
> mitag—W = 3 = Tom Con
i=0+1 i=0+1 '

n—1
kout Zj(bp-bj—1)Cis1n—1 | +(bp-+-by—1kin
+ j=p

arkou Con—1

+ag — W= (%).

We have (b; - - - b,_1) = Z—?Ei!n,l when ¢ <i<pand (by---by_1) = aoﬁp,n,l. Also

—1 n—1
§ zj(bp -+ bj—1Cjr1n—1 = 2pCprin—1 + E aozjbpj—1Ci+1,n—1-
j=p J=p+1
Finally, for ¢+ 1 <i<p—1,
n—-1 p—1 n—1
ZZj(bi s b )Ciyip—1 = ZZj(bi c b 1)Cirin—1 +2pbi - bp_1)Cpr1n—1 + Z Zj(bi -+ - bj—1)Cjt1.n—1
J=i =i j=p+1
p—1 1 n—1
= ZZjbi,j—lsz,nfl + Zpa*bi,pflzp+l,n71 + Z*? Z %bij—1Cjt1n—1-
— 1 .
J=i J=p+l

This gives

p—1 n—1
7 - 17 - a 7 - ap 7,
p—1 Kout (Z 2jbij—1C110—1 + 2p 5 bip—1Cprin—1 + 3 X Zjbi,j—1€j+1,n—1> + arbin—1kin
' 1

® =3 :

J=i j=p+
i=0+1

kout Cipn—1

n—1 _ _
kout | 2pCprin—1+ 2. @0%bpj—1Cj11,0—1 | +a0bpn—1kin
" Jj=p+1

- +ag—W
arkout Cpp—1

n—1
—-1 = _ - _ - _ -
p—1 Kout (al Zfzi 2bij—1Cjs1n—1 + 2pbip—1Cpsin—1 +a0 D Zjbi,j1€j+1,n1) + apbin—1ky

> =

i=0+1

akout Cipn—1

n—1 _ _
kout <2p6p+1,n1 + 2 aOZjprICj+1,n1> + apbp,n—1kin

J=p+1
+ — +ag—W.
akout Cp,n—1
Hence (x) vanishes if and only if
p—1 p=l _ _ n=1_
0 = > kou | 0,0,1a1 3 zbij—1Cr41,i—1Cj+1.n—1 + 2pbip—1C041,i—1Cp+1n—1 + 0,0, lag > zbij1¢
i=0+1 Jj=i Jj=p+1

_ n—1 _
+0,0, lagb; n—1¢p+1,i—1kin + kout (ZPE€+l,p—lEp+1,nl + > 0,0, lagzibpj—1Co41,p—1Cj41.0—1
j=p+1

+0,0, 1agbp n—1€e+1,p—1kin + (0,0, Lag — W)kout Co41,,—1 0,0, lay.
31
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As ay = At — ag, this is a degree 2 polynomial in a,. The leading term comes from the term
0,0, 1ag — Wkout Corln—1 0,0, lay, and is

_ 2
—kout Co41,n—140>

which is negative. The independent term is
p—1 p=1 _ _
> kout | Aot Y 2jbij—1Ce41,i—1Cj+1,n—1 + Zpbip—1Ce+1,i—1Cpr1,n—1
i=0+1 j=i

+koutzpCry1,p—1Cp+1,n—1 — Atot Wkout €411 1-

We divide by kout and define

p—1 p—1
a= E Crili—1 AtotE Zjbij—1Cji+10—1 + 2pbip—1Cp+1n—1 | +2pCox1,p—1Cp+1n—1 Aot WCpy1n—1,
i=0+1 J=i

where recall from (25) that
Zi = kinKi+1Li bi = €ir1(kin + Fir 1)K ¢i = (Eiy1 — kin)Li.

When ag = Ao, all terms multiplying a, vanish, and then the polynomial is a sum of positive terms,
hence positive. By Lemma 1, the system has a positive steady state if and only if

a<0.

Note that when ki, = 0 this inequality holds, as all terms with z vanish. When ki, approaches one
of E; with £+ 1 < i < n, the negative term of o approaches zero, and the inequality does not hold.

For example, forn =3, £ =0 and p =2, a was found in (18). Forn =4, £ =0 and p = 2, we have
a = —AwtW(Ey — kin)L1(E3 — kin)La(E4 — kin) + kinK4(E2 — kin)L1(E3 — kin)Lo
+AtotkinkoutL1 (E4 — kin)(E3 — kin)Lo + AtotkinK3L2(E4 — kin)(F2 + kin)kout
+kinK4(F3 + kin)K3(F2 + kin)kout + kinK3Lo(E2 — kin)L1(E4 — kin)Atot
+kinK4(Ez — kin)L1(F3 + kin)K3.
Let B be the smallest positive root of & =0 as a polynomial in k;,, if it exists, or take B = oo if not.
Similarly, let B’ be the second such root, if it exists, or B’ = co if not. If the smallest of E; is attained
for some E; with £+ 1 <i < n, then « is positive at ki, = E;. In that case, as « is negative at ki, =0,
there is at least one value of kj, < E; for all i such that a = 0 and hence B is finite. This shows that
min(Ey,...,Ey,B) = min(Ey,...,Epq,B).
Putting it all together, we have shown that for all

kin < min(Eq, . ..,E@+1,B) (32)
the system has positive steady states, and if
kin > min(Ey,...,Ep41,B), or kp <min(Ey,...,Epp), B<kp<B,

Taking condition (32), if the minimum is attained at B, then when &, approaches B, the first positive
root of the polynomial in (3031, ) approaches zero (as o goes to zero). As this determines the steady
state value of a,;, we see that a, approaches zero, and the m; converge to the values given above.
Specifically,

mj ————— 00, for0 <j< 4, m; ——— number, forj > ¢.
kin—)B kin—>B

By the comment above, (32) cannot be attained at E; with £+ 1 <i < n. If (32) is attained at E;
with i < £+ 1, then as ki, approaches this minimum, a, converges to a number. In this case, the
concentrations that tend to infinity are those with E; — k;, in the denominator:

mj ————— 0Q, for0 <j<i, mj ————— number, forj > i.
ki“*)E,' kinHEi
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Appendix 5

Multiple co-substrate cycling along a single pathway — mimicking the
case seen in glycolysis, combined with fermentation

In this section, we consider a scenario of intra-pathway cycling with two different co-substrates. This
is a simplified version of the case seen in the combined pathways of glycolysis and fermentation. The
reaction scheme we consider comprises:

0X%My My +ATP=M, + ADP M, + NAD=M, + NADH

(33)
M4 250M, + ADP=M; + ATP M3 + NADH=M, + NAD

We write Ag = ATP, A} = ADP, A, = NAD, A3z = NADH, for simplicity. The ODE system governing the
dynamics of the network is:

dm() -k E1L0a0m0 — F1K1a1m1
dad — " Kiaymy + Loagmg + K1 Lo
dm1 E1L0a0m0 — F1K1a1m1 E2L1a2m1 — F2K2a3m2

dt Kiaymy + Loagmg + K1Ly  Krasmy + Liaymy + Kr Ly

dm2 E2L1a2m1 — F2K2a3m2 E3L2a1m2 — F3K3aom3
dt Kyasmy + Liaymy + KoLy Kzagms + Lyaymy + K31y

dm3 E3L2a1m2 — F3K3a0m3 E4L3a3m3 — F4K4a2m4
dt Kzagms + Lpaymy + K3Ly  Kyapymy + Lyazms + K4L3

dm4 E4L3a3m3 — F4K4a2m4

= — koutm.
dt Kqarmy + Lzazms + K43 out™4
da() _ ElLoanO — FlKlalml E3L2a1m2 - F3K3a0m3
dt Kiaymy + Lyagmg + KLy  Kzagmz + Lyaymy + K3Ly
day _ E\Loagmg — F1Kjaym EsLyaymy — F3K3agms

dr Kiaym| + Loagmgy + K1Lg  Kzagms + Lyaymy + K31

da2 _ E2L1a2m1 — F2K2a3m2 E4L3a3m3 - F4K4dzl’l’l4
dt Kyazmy + Liagmy + KoLy Kqaomy + Lzazms + Kyla
da3 _ E2L1 aym| — F2K2a3m2 E4L3a3m3 — F4K4(12m4

dt — Kyazmy + Liaym; + KoLy Kyaomy + Lyazms + K4Ls'

There are four conservation laws:

ag + ay = Aot, ar + a3 = Biot, my+my+ayg=W, my +m3+ar, =M.

We consider the equations d%+---+d%=0, %:O, %+% =0, %+%+d$ =0,
d% + % + d% + % =0, and solve them iteratively for my, m3, m;, m;, my and obtain:

_ kinKa ((Fatkin)az+Lskou)

— kin.
my = kc;:L’ m3 - k(,u[a3L3 (E4—kin) ’
- K (F3-+kin)aoms+Lakin ) m = Ky ((Fa+kin)asma+Likin)
2 a1Ly (E3—kin) ’ 1 arLy (Ex—kin) ’

K\ ((Fy+kin)aym +Lokin )
aoLo (Ey—kin) ’

my =

and a; = At — ag, a3 = Biot — ap. As usual, a necessary condition for positive steady states is
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kin < min(Ey, Ep, E3, Ey). (34)

For this system, we are left with two conservation laws that we have not used, and two steady
state values that are still free. By plugging the expressions above into mj +my + a9 =W, and
my +m3 +ay; =M, we obtain a system of two polynomial equations in two variables. For some
combinations of parameter values, there will be positive steady states, and for others, not, as the
following examples shows.

By choosing

M=1, W=1, Fj=1 F,=1, F3=1, F4=2, K;=1 K,=0.1, K3=0.1,
Ki=2 Lo=1 L =1 Ly=2, L3=10, Awt =3, Bt =2, E; =3, E, =3,
E3 =12, E4 =12, kip =2, kou =10,

the polynomial system becomes

0 = 20000a%ay — 6000043 + 180560a; — 60315.2arag — 95200 + 321204
0 = 20000a3a3 — 40000243 — 79996.64a3ag + 164086.88azag — 7928aq + 5972043 — 131680a; + 24480

and the solutions are:

ap ~ 0.69, ap ~ 0.679,

which are in the desired interval.
If instead we replace L; by 1, we obtain a system whose solutions are

ag ~2.978,  ay ~ —0.323,

and hence there are no positive steady states.
This shows that there is a condition for positive steady states to exist, and although (34) is
necessary, it is not sufficient.

M, + M, + Ag= W
A Ao @ Ao M; +M; +By=M B logm M,

(M)
0

.
Vinax 5

L enz. m — &.
A+ A=
oo B @ O &

100

—M, — M — M

Lot —_— — » 8 1074 -

10
0 500 N 111[1120(5) 1500 2000 Atot, Biot (M)
Appendix 5—figure 1. Motif, time series and threshold for the linear pathway model with multiple co-substrates.
(A) Cartoon representation of a chain of reversible reactions with metabolite cycling of two different metabolites,
as shown in Equation 33. Each cycled metabolite has two forms, and there is no pathway independent cycling.
(B) Heatmap of of the steady state concentration of M, as a function of the metabolite pool sizes (Atot = Bhot)
and the inflow flux (k;,). White area shows the region where there is no steady state. (C) Concentrations of Mq_4,
Ap/A| and By/Bj ratios as a function of time. At t = 1000 s, parameters are switched from the white dot in panel
(B) (where a steady state exists) to the black dot (where we see build up of M), and continued decline of A,. The
By/B ratio remains constant however as these are still cycled by reactions after the build up. In (B) and (C) the
other parameters are kcat = 100s_1, Eiot = 0.01mM, Ky = 5S0uM and kout = 0.1s 1,
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Appendix 6

Different stoichiometries for co-substrate cycling along a single

pathway — mimicking the case seen in upper glycolysis

In this section, we consider a scenario of intra-pathway cycling with varying stoichiometry in the
pathway. In particular, we consider a simplified version of the case seen in upper glycolysis. The
reaction scheme we consider comprises:

05" My Mo+ ATP=M, + ADP M, + ATP=2M, + ADP

kou[ (35)
My + ADP=M3 + ATP M3——=0.
We let Ag = ATP and A; = ADP as usual.
With Michaelis-Menten kinetics, the ODE system is
dmg = ki — Lilomoao—FiKimay
dt n Kymya+Lomoao+K; Loy
dmy _ EiLymyagy—F\Kimay E>Limiag—F2Kamian
dt Kimiai+Lomoao+K1 Lo Kymbay+Limap+K, L,
dmy _ 2AE2Limyay—FoKamiar) _ EsLyma—F3Kzmaag
dt - K2m§a|+L1m1a0+K2L1 Ksmzap+Loymya;+KsLy
dm3 — E3L2m2a1—F3K3m3a0 _k m
dl = Ksmzap+Lympya;+KiLy out/n3
daO — _ E\Lympag—F 1 Kymya; Elemlao—Fszmgln E3Lymya; —F3Ksmzag
d Kimya1+Lomoap+K; Lo K2m2a1+L1m1a0+K2L1 Ksmzao+Loymya)+K3 L,
t 2
dal — ELomyag—F1Kimya; E2L1mla07F2K2m§al _ EsLymya; —F3Ksmsag
di Kimyai+Lomoao+Ki1Lo * Kym2a,+Limjag+K>L, Kymzap+Lamaa)+K3 Ly
t 2
The system has two conservation laws:
ap + ay = Aot, my+my+ayg=W.

By considering the equation 0 = 2% + 2% + d% + % = koutms — 2kin, we obtain

2kin

m3 = .
> out

Upon substitution of this value of mj; into dd% =0, dd% + % =0 and 2% + % + % =0, and

solving recursively for My, my, mj, we obtain the following steady state relations:

_ 2kinK3 ((F3 + 2kin)ag + Lakout)

my ,
koutai Ly (ES - 2kin)
K> ((Fz + kin)aim3 + lein)
mp = — ,
Liag (E> — kin)
- Ky ((F1 + kin)aymy + Lokin)
0=— ,

aoLo (E1 — kin)
and recall a; = At — ag. We see that if 0 < ap < A, these expressions are all positive if and only if

kin < min(Eq, Ep, E3/2). (36)
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As usual, we consider the remaining conservation law, my + my +ag = W, together with these
expressions, to find a polynomial p(ag) whose roots in (0,Atwt) are in one-to-one correspondence
with positive steady states, provided (36) holds. The polynomial has degree 3, positive leading term,
negative independent term and term of degree 2, and is positive at ay = Aot With this information,
we cannot immediately conclude that there is a positive root in (0, Awr). But for positive steady states
to exist, we need the term of degree 1 to be positive (this follows from Descartes’ rule of signs, as
usual), and this sets an extra condition on the parameters. When this happens, there will be two
positive steady states.

Specifically, the term of degree 1 is

a = Lykou (L1L2 (E3 — 2kin)” Kout (Aot W(E2 — kin) + Kokin)
—2K3L1Ly (Ex — kin) (E3 — 2kin) kinkout
—8KoK3KE, (Fs +2kin) (F2 +kin) )

which depends on At and W. To summarize for positive steady states to exist, we need
kin < Eq, kin < Eo, kin < %, a> 0.

If kin is small enough, then the conditions hold as a > 0 at ki, = 0.

However, these conditions are not sufficient. To see this, by inspecting the term «, one can see
that if K5, K3 are small enough, then there will be two positive steady states, while if they are larger,
there will be none. We have verified that both scenarios occur. For example, fix the parameter values
to be

Awi=1, W=2, Fi=1, F,=2, F3=3, Ly=1 L; =1,

Lh=2 Ki=1hkp=1, kw=1, E =2, Ey=2, E3=3,
and note that (35) holds. With K, =K3;=0.1, the polynomial of interest becomes
p(a0)=4a(3)—14.300a%+7.360a0—0.448, and so a>0. The polynomial has two positive

roots under A =1, namely 0.07 and 0.537. For K; =02,K3=0.3, the polynomial is
plag) = 4a — 23.400a3 + 2.080ay — 1.664, and although a > 0, it has no root in the interval (0, 1).

An analogous reasoning holds for the irreversible system.

A N @ O & B log, My

(M)

N Y B o 10 .
_~M £ '-E’:f E; m_k‘ %I"iuy\.\'.k__\ -2
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A, @ (M s
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— — — — -""LI
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Appendix 6—figure 1. Motif, time series and threshold for a model with differential co-substrate stoichiometry,

as seen in glycolysis. (A) Reaction system modelled in Appendix 6. Branching arrowhead from M, to M, indicates
that two M, molecules are produced/used in the forward/backward reactions. (B) Heatmap of the steady state

My concentration. In the white area there is no steady state due to continual build up of M,. Dashed line shows

the smallest limit imposed by Equation 35. (C) Time series of My_,4 and Ag/A}. Att = 1000 s, parameters are
switched from the white dot in panel (B) (where a steady state exists) to the black dot (where we see build up of
M). Note that in the build up regime, M, reduces as well as Ag/A}, as M, production is dependent on the presence
of Ay. In (B) and (C) the other parameters are kcat = 1003_1, Eiot = 0.01mM, Ky = 5S0uM and kout = 0.1s~ 1.
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Appendix 7

Co-substrate cycling along with metabolite cycling — mimicking the case

seen in nitrogen assimilation

In this section, we consider a scenario of intertwined, co-substrate cycling within a pathway. In
particular, we consider a simplified version of the case seen in nitrogen assimilation where NAD(P)
H cycling co-occurs together with a cycling from alpha-ketoglutarate to glutamate (mediated
by glutamate dehydrogenase) and back from glutamate to alpha-ketoglutarate and glutamine
(mediated by glutamate synthase). The simplified reaction scheme we consider comprises:

05" NH3 My + NADH + NH3=M, + NAD

My X0 M, + NAD=M, + M, + NADH.

37)

Denoting Ag = NADH, A; = NAD, A; = NH3, the ODE system is:

dmO _ _ E\Lyagaymy—F K a;m; + ExLiaym) —FyKyagmomy
dl - Loapaymo+Kjaym+Ki Ly Kyapmoma+Liaym+K> Ly
@ — ELoagaxmo—F\Kiaymy _ —FaKsagmomp+EsLyaymy
dl = Loapaymo+Kiaym+K, Ly Kyagmompy+Lyaymi+Ky Ly
dmy _ —FKyaymoma+EyLiaymy [ —
dt — Kyapmomy+Liaym +K,L, out’’t2
dao — E1L0a0a2m07F1K1a1m1 + 7F2K2a0m0m2+E2L1a1m1
dt - Loyapaymy+Kjaym+Ki Ly Kyapmoma+Lyaymi+KoLy
dal _ EiLyagaymy—F Kjaym _ —FKyagmomp+E,Lyaymy
dt = Loapaymo+Kiaym+K; Ly Kraomompy+Liaymi+KoLy
daz =k — E\Lyapaymy—F K ja;m

— Mn

dt Loapaymo+Kyaym +K Ly *

There are three conservation laws:

ag+my =M, ag + ay = Atot, mo+a; =W.
From%+%+%=0weget
my = kin
kout
as expected. From dd% =0 and % =0 we get
my = kinKa (Faagmo + kinagmo + Ly kout) ’ 0 = Ky (Fraimy + arkinmy + Lokin )

kouta1 L1 (E2 — kin) moaoLg (El - kin)

From the second and third conservation laws, we get
ay = At — ag, mo =W —a; =W — Awt + ap.

This gives that for a positive steady state, we need ki, < Ey, ki, < E; and max(Awr — W, 0) < ap < Atot-
Note that Aw: — W is the constant value of ay — mg along trajectories.

Plugging these expressions into the first conservation law, we have that steady states are in one-
to-one correspondence with the solutions to

kinKZ (Fga() (ao — Aot + W) + aokin (a() — Atot + W) + L]kout)

M =ag+
kout (—ao + Atot) L1 (Ez — kin) (38)

We first note that the derivative of the right hand side of (38) with respect to a is:
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1+ kinKZ (F2 (a() — A ot + W) + ano + kin (a() — Atot + W) + aokin)
kout (—ao +A[0t) Li(E, — kin)

+kinK2 (an() (a() — Aot + W) + agkiy (a() — Aot + W) + leout)
kout (—ao + Atol)2 Li(Ez — kin)

As At — ag > 0 and ag — At — W > 0, this function is positive in the interval of interest. Therefore,
the right hand side of (38) is an increasing function of a, when max(Awt — W,0) < ag < Aor. It follows
that if (38) has a solution, it has exactly one.

Rewriting (38) as a polynomial equation, steady states are in one-to-one correspondence with the
roots in the interval max(Awt — W,0) < ag < Aot of the following polynomial

plag) = (—Li(Ex — kin)kout + Kokin(F2 + kin)) a§ + (L1(Ez — kinkout(M + T
+(W — Awd)Kokin(F2 + kin))ag — Likout (MArwot(Ey — kin) — Kokin ) -

When ag = Ao, the polynomial is positive.

Case 1: At — W < 0. In this case we want 0 < ap < At. If the independent term of p is negative,
then p has exactly one solution in (0,Atwt). So, if MT(E; — kin) — Kokin <0, we have one positive
steady state. This is equivalent to

MAotEr
kin < ———.
m MAot + Ky

If the independent term is positive or zero, then we note that the degree 1 term is also positive. So
either p has all coefficients positive and no positive roots, or the leading term is negative, in which
case there is one root larger than Acw:. Therefore, no positive steady states in this case.

Case 2: At — W > 0. In this case, we want At — W < ag < Aor. We find that p(Awr — W) is
Aot — W) = —Likout (WM — Aror + WY(E2 — kin) — Kokin) .
If this is negative, then there is one positive steady state, as p is positive at Acwt. The condition is

< WE, (M — Atot + W)
m W(M—A[ot-l-VV)-l-Kz.

Note that M + W — Aot = ag + my + mg + a; — ag — a; = mo +my, and hence needs to be positive.
This is assumed here.

If p(Atot — W) > 0, then we are in the situation where p is nonnegative both at At — W and Agot,
so, if there are roots in the interval (Awt — W, Ator), there must be two. This contradicts that we already
showed that there was at most one. So, in this case, no steady states.

To summarize, there is one positive steady state if and only if k;, < E; and

MAEy

kin < ———
mn MAot + K7

and Atot - W S O,

or

< WE, (M—At0t+W)
WM — At + W)+ Ky

Aot — W>0, and M+ W — A > 0.
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Appendix 7—figure 1. Motif, time series and threshold for model with both co-substrate and metabolite cycling,
mimicking nitrogen assimilation. (A) Reaction system modelled in Appendix 7. (B) Heatmap of the steady state A,
concentration. In the white area there is no steady state due to continual build up of A,. Dashed line shows the
limit kjp < %féz, which is the smallest limit for these parameters. (C) Time series of My_y, A, and Ag/A|. At

t = 1000 s, parameters are switched from the white dot in panel (B) (where a steady state exists) to the black dot
(where there is continual build up of A,). In (B) and (C) the other parameters are kcat = 100s_1, Eiwor = 0.01mM,
Km = 50uM and kout = 0.15™ 1.
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Appendix 8

Analysis of existing flux data against predicted limits

Tosupportthepresentedtheory,wehaveanalysedexistingfluxdata—compiledfromexperimentsandusing
flux balance analysis modelling—against predicted limits. The details and main results of this analysis are
presentedinthemaintext, undertheresultsandmethodssections.Here,weprovidefurtheranalysisresults

10
-2
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) °® o.
~ -3 ® 8
10 R
g y
S 4%
2107 b
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O Davidi et al
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EU ' kcar ' ﬁ [mm0| / gCDW / S]

Appendix 8—figure 1. Measured flux values (from Davidi et al., 2016; Gerosa et al., 2015) plotted against the
calculated primary enzyme kinetic threshold (first part of Eq. (1) of the main text) adjusted by substrate affinity of
the enzyme. Note that the flux data shown here is a subset of the flux data presented in (Figure 3 of the main text),
focusing only on those where the main substrate concentration was experimentally measured and the relevant Ky
is known. For both panels, the solid line indicates the equivalence of the two values and the dashed lines indicate
10-fold change interval on this, as a guide to the eye. Point colour indicates the nature of co-substrate involved
and fill state indicates the data source (as shown on the inset).
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Appendix 8—figure 2. Cumulative distribution of the ratio of observed flux (measured or FBA-predicted) to
enzyme kinetic based limit (Vmax) (left panel) or to enzyme kinetic based limit accounting for substrate affinity (right
panel).
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Appendix 8—figure 3. Measured flux values (from Davidi et al., 2016; Gerosa et al., 2015) plotted against
AG"™ which is the standard Gibbs energy of the reaction assuming all metabolites are at 1 mM concentrations
(note this can be different than the usual definition of AG’® where concentrations are set to 1 M — a concentration
that is not reflective of standard physiological conditions). (A) shows a scatter plot of the ratio between the
observed flux and the enzyme kinetic based limit (Viuax) against the AG™. The points highlighted in orange are
for the malate dehydrogenase reaction. (B) A scatter plot of the enzyme kinetic based limit against the measured
flux (same data as in Figure 3 of the main text), where the AG™ is shown using a colourmap.
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Appendix 8—figure 4. Measured flux values under different experimental conditions (from Davidi et al.,
2016; Gerosa et al., 2015) for select reactions plotted against the corresponding co-substrate pool size. See
Supplementary file 1 for short notations for reactions. Each point on each panel is a separate flux measurement
under a different environmental condition, where the co-substrate pool size is also measured. Point colours
represent co-substrate type, with red for AMP +ADP + ATP, blue for NAD +NADH, and green for NADP +NADPH.
Normalised RMSE of the best linear fit and the p-value are shown in the panel title.

Appendix 8—table 1. Correlation coefficients between observed flux (measured or FBA-predicted)

and co-substrate pool size.

For reaction ID and descriptions, see Supplementary file 1.

Number of
Reaction Flux source conditions Pearson-r p-Value

25 MDH Gerosa 7 0.874310 0.010042
33 PGK Gerosa 4 0.973547 0.026453

0 30AR140 Davidi 7 0.794377 0.032850

7 DHFS Davidi 7 0.787719 0.035438
46 UAMAS Davidi 7 0.783767 0.037025
Appendix 8—table 1 Continued on next page
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Number of
Reaction Flux source conditions Pearson-r p-Value

45 UAMAGS Davidi 7 0.783767 0.037025
44 UAAGDS Davidi 7 0.783767 0.037025
48 UGMDDS Davidi 7 0.783767 0.037025

2 AIRC2 Davidi 7 0.783523 0.037125
39 PRASCSi Davidi 7 0.783523 0.037125
27 NADK Davidi 7 0.783523 0.037125
19 HSK Davidi 7 0.783042 0.037321

4 CTPS2 Davidi 7 0.782303 0.037624
41 PTPATI Davidi 7 0.781795 0.037833
35 PNTK Davidi 7 0.781795 0.037833

8 DTMPK Davidi 7 0.780177 0.038501
43 TMPK Davidi 7 0.777454 0.039643
34 PMPK Davidi 7 0.777454 0.039643

1 ADSK Davidi 7 0.777418 0.039658
15 GLUSK Davidi 7 0.774461 0.040918
37 PRAGSr Davidi 7 0.773900 0.041159
40 PRFGS Davidi 7 0.773900 0.041159
38 PRAIS Davidi 7 0.773900 0.041159
14 GK1 Davidi 7 0.772918 0.041584

6 DBTS Davidi 7 0.771900 0.042026

5 CYTK1 Davidi 7 0.762125 0.046410
20 ICDHyr Davidi 7 0.743003 0.055681
47 UAPGR Davidi 7 0.702799 0.078196

9 G5SD Davidi 7 0.692830 0.084415
28 P5CR Davidi 7 0.692830 0.084415
12 GAPD Davidi 7 -0.681203 0.091988
11 G6PDH2r Gerosa 7 0.629982 0.129423
10 G6PDH2r Davidi 7 0.617909 0.139204
16 GND Davidi 7 0.617909 0.139204
22 IMPD Davidi 7 -0.539918 0.210941
23 IPMD Davidi 7 -0.535973 0.214953
36 PPND Davidi 7 -0.520516 0.231016
26 MTHFR2 Davidi 7 -0.519049 0.232569
32 PGCD Davidi 7 -0.517475 0.234241

3 AKGDH Gerosa 7 0.498666 0.254643
17 GND Gerosa 7 0.498636 0.254676
42 PYK Gerosa 4 -0.718821 0.281179
18 HISTD Davidi 7 -0.469323 0.288020

Appendix 8—table 1 Continued on next page
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Number of
Reaction Flux source conditions Pearson-r p-Value
30 PFK Davidi 5 0.537260 0.350444
24 MDH Davidi 7 0.311471 0.496502
13 GAPD Gerosa 4 -0.451817 0.548183
21 ICDHyr Gerosa 7 -0.169510 0.716347
29 PDH Gerosa 7 0.098015 0.834403
31 PFK Gerosa 2 nan nan
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Pathway branching into two pathways with independent co-substrates
We consider a scenario where two pathways share a common upstream metabolite, as shown in the
motif in Figure 4A in the main text. Each branch has its own conserved moiety that is cycled and all
reactions are reversible. The reaction system is as follows:

The ODE system is:

Okl>M0 MO‘:Ml,Z MO:Ml,l
Mz +Ag=Mrp +A; M+ By=M> + B A=Ay (39)
koul kOU
B1=B My, 2200 M, 2o,

dmg =k — E\Lomo—F1,1Kiymi1 — EvpLomog—F12Kiomi
dt 1 K1 Lo+Ky,imy,1+Lomo KipLo+Kiom 2 +Lomg
dmy — Eiplomo—FioKiomiy  EypLiomipao—FrpKompaan
dt K2 Lo+K 2my 2+Lomg KyoLi2+Kyomppar+Lypmy a0
dmy,i — Euilomo—FiaKiimiy  EpiLiimiibo—Fa1Kpimp by
dt Ki1Lo+Ki 1my 1+Lomg Ky Ly +Ky 1my 1 by +Lyymy by
dmyp  _ EypLigmisag—FaoKaomar — ok
dt T KopLip+Kyomppai+Lipmipao 2,2Rout2
dmyy  _ EyLimiibo—FaiKaimaib: ok (40)
dt T KoaLii+Kyima i1 bi+Lyimy 1 bo 2,1%out,1
dag — _ Eleao—F.Keai _ EnpLiomipao—Fr2Kromppa
dt KaLo+Kqar+Laag KapLip+Kapmypar+Li pmi pag
da; — EL.ag—F.K.a EppLipmipag—FanKoomapay
dt KoLg+Kaar+Laay * KopLip+Koomapai+Lipmipdo
dbo — _ EpLpbo—FypKpbi  EpiLiimiibo—Fa1Kympby
dt Ky Ly+Kpby+Lpbg K2V1L1'1+K2_1m2_1b1+L1.1m1.1bo
db, — EpLpbo—FpKpby Ep1Liimiibo—Fo,1 Ko, 1ma,1b1
dt KyLp+Kpb1+Lyby Ky L1 1+Kp1mo1bi+Liimy 1bo

While it is not possible to solve this system directly, we examine through simulations the effect
of varying the influx of the shared upstream metabolite, k;, along with the ratio of the pool sizes,
Avot/Brot in the main text (Figure 4 and Appendix 9—figure 1), while varying k;, with the ratio of
moiety back-cycling rates kq/k, is presented in Appendix 9—figure 2.
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Appendix 9—figure 1. Effect of varying Atot/Btot and k;, in the branching system shown in Figure 4A, on the ratio
of flux into My 2/Mj  for reversible and irreversible dynamics and different Vipax 4 and Viax g values. Downstream
metabolite has higher flux when it's respective co-substrate has a higher concentration. (A) Reversible reactions
with Vinaxa = Vmax,p = 0.1 (i.e. one order of magnitude smaller than the other reaction rates). (B) Irreversible
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reactions with Vinax 4 = Vimax,8 = 0.1 (i.e. one order of magnitude smaller than the other reaction rates). (C)
Reversible reactions with Vinax 4 = Vimax,8 = 10 (i.e. one order of magnitude larger than the other reaction rates).
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Appendix 9—figure 2. Effect of varying Vinax,B/Vmax,a (i.e maximum back-cycling) ratio and k;, in the branching
system shown in Figure 4A. (A) Motif showing the dynamics. (B) Heatmap showing the ratio of flux into M 2/M5 ;.
Downstream metabolite has higher flux when the back-cycling rate of its co-substrate is higher, with a greater
effect for higher k;, values. (C) Time series of downstream metabolites and shared precursor. Solid/dashed lines

show parameters for black/white dot in (B).
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Appendix 10
Independent pathways coupled by co-substrate cycling

We consider a scenario with two pathways that when isolated take the form examined in Appendix
3. However, we now suppose that they are coupled by the conserved moiety, that is Ay — A; in
the "forward’ direction of the first pathway, while A} — A in the ‘forward’ direction of the other.
The metabolite reactions are reversible, and there is pathway-independent cycling of the shared
conserved moiety. The motif is shown in Figure 5A in the main text, and the reactions are as follows:

kin, Kout,
0—)1 M()’l M()gl +A0\:‘M1’1 +A1 Ml,l—)ll 0

kin Kou
0—’%M02 Mys +A1=M;, +Ap M1’2—1'2>0 (41)
Apg=A1.

The resulting system of ODEs is:

dmo;  _ ki | Ei1Loimo a0 — Fi1Kyimya
= Kin,1 —
dt Ki,1Lo,1 + Ky,imy a1 + Lo,1mo 140
dmy Ey1Loamoao — F11Ky1imy 1a;
= — kout,1m1,1
dt Ki,1Lo, + Ky, 1my a1 + Lo,1mg 140
dmoy Kina EipLoomppar — F1oKipmipag
= An,2 —
dt Ki2Lop + Ky pmypap + Loamopay
dmip  Eiplopmopa; — FioKyamypag koo
- — Rout, s
dt KipLop + Ky pmypag + Lopmopay
(42)
dag _ EipLopmopa; — F1 2K omypag
dt KioLop + Ky pmypag + Lopmopa;
_ EiniLoamopag — FraKyimiar Ealaag — FaKaay
K]JL()’] + K1,1m171a1 + LO,lmO,laO KqLy + Kqay + Lgag
da; _ _ Eiplopmopar — F12K0m 240
dt Ki2Lop + Kipomypag + Lopmop2ay

Ey1Lomo a0 — F1,1K1,1my 101 EqLaay — FaKaay
Ki,1Loy + Kyimyar + Logimoao - KaLa + Kaay + Laag

This system has one conservation law
ao + a1 = Ao,

giving that at steady state, a; =Awt—ag. By solving the steady state equations
dmovl dmlvl dmg.z dmlvz

= —ar =g = —g = 0formg,mo2,my 1, m 2, we obtain
Ki1kint ((F1,1 + kin)a1 + Lo tkout1) kin,1
mo,1 = ) my = P
koui,1Lo,1a0 (E1,1 — kin,1) out,1
Ky 2kin2((F1.2 + kin2)ao + Lo 2kout,2) kin
mo2 = > mpp=-—.
kout2Lonar (E12 — kin2) out,2

The expressions are positive provided Ej 1 > kin 1, E12 > kin2, and ag,a; > 0.

Finally, we use % = 0 to solve for a; and obtain
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_ Ky ((kinp — kin,1)(La + Ator) + AtotFa)
(kin2 — kin1)(Ka — Lg) + EqLg + FoK, '

ao

(43)

For all quantities to be positive at steady state, we require 0 < @y < At By subtracting from Aot the
value of a, at steady state, we obtain

Aot —ap = Lq ((Atot + Ka)(kin,1 — kinp) + AtotEa)- (44)

To summarize, there is a positive steady state if and only if Ey; > kin 1, E12 > kin2, and (44) and (43)
are positive. For(44) to be positive,

AtotEq . AwotEq
—— > kino — kin1, that is — ————— < kin1 — kin2,
Ao+ Ko in,2 in,1 at1 Ao+ Ko in,1 in,2 (45)
and either
AtotF,
SO kint —kinge  EaLa + FaKa > (kin) — kin2)(Ka — La) (46)
Atot + La
or
AtotF,
O < kint —king, EaLa + FaKa < (kini — kin2)(Ka — La) (47)
Aot + Ly

By analysing these cases, we obtain all possible scenarios for a positive steady state to exist, and
these are dictated by the difference ki1 — kin2-

For example, if kinj = kina, then (45) and (46) hold directly. If K, = L4 then we require
AwiFy Ao Ey
m > kin,1 — king > _Alo‘I;'Ka to hold.

If Ko > La, the conditions lead to either

. AwtFa  Eqlq+ FaKq AtotEq
min s > king — kipy > ———
ot Lo (Ra—Loy ) > fimt —hina > =305
or
AwtFa  Eqlq + FuK AtotE
max( totl"a ala + FaKq totLa ) < kin,l _ kin,2~

Awt+Li’ (Ka—La) _Atot + Kq

If K4 < Lg, the conditions lead to either

AtotFa > ke — ki > max <_ AlatEa EaLa + FaKa>
Atot + Lag .l in.2 Aot +Ka® (Ko — La)
or
AotFa AtotEq EqLq + FaKg
max ,— <kpni —kipp < ————.
(Alot +La  Awt+Ka ) <Hin1 —kin2 (Ka — La)

A key consequence of these conditions is that coupled pathways can admit higher influx values
without upstream metabolite build up, due to the cycling enzyme condition now depending on the
difference between the k;, values rather than the values themselves. This occurs when the limit due
to the pathway enzyme is larger than that of the cycling enzyme, so there is always a range of At
where this applies. An example is shown in Appendix 10—figure 1.
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Appendix 10—figure 1. Comparison of the onset of instability in the coupled pathway case vs the single
pathway case. (A) Pathway enzyme and cycling enzyme limits in the single and coupled pathway cases (see
legend, pathway enzyme limit is the same for each case). For the coupled pathway, kip 2 is set t0.0.9k;, 1 Since
the limiting factor depends on the difference between ki 1 and kiy 2, higher ki values are possible without
build up of upstream metabolites if all other parameters are kept the same. (B) Time series of My, M, and
Ap/Aq in the single pathway case where the parameters for Aot and ki, are set by the black dot in (A). Here
we see build up M because kin > AwtFa/(Atot + La). (C) Time series of Mg 1, Moz, M1,1, M1 and Ag/A;in
the coupled pathway case where the parameters for Aiot, kin,1 and kip 2 are set by the black dot in (A). Here
we see the system admits a steady state because.kin,1 — kin2 < AtotFa/(Atot + Lg) The parameters in all

AWF AwEa EiLy+FK, o _ S S
panels are: AEIL: > kin,1 — kinp > max (—m, W),Kl =Ly=Kj1=Kip=Ly1=Lopp=1M

kout = kout.t = kouz =015 LEa=Fa=15Ms ' Ko = La = 1 M.

To complement this steady state analysis with dynamics of this system, we use numerical
simulations to study the system. In particular, we consider the effect of randomly fluctuating influxes
on the downstream metabolites. The analysis is achieved by fixing the average of the influxes, while
drawing the log-ratio (i.e.log kin.1/kin2) from a standard normal distribution with mean p =0 and
variance o = 1. A new log-ratio is drawn after waiting a time that is drawn from an exponential
distribution with mean 7. Example time-series are shown in Figure 5(C and D) of the main text. The
log-ratio is chosen as the variable instead of simply the ratio as it allows us to examine large variations,
while keeping the effect on each pathway symmetric. This random process can be thought of as the
discrete-time analogue of the Ornstein-Uhlenbeck process: it has the same steady state distribution,
mean, variance and correlation function as its continuous-time counterpart, while being much easier
and faster to implement as part of a larger system where the other equations are deterministic.

The effect of different values of 7 and total pool size Ao is shown in Figure 5 of the main text,
and is further explored in Appendix 10—figure 2. These analyses show that the effect of increasing
the pathway independent moiety cycling rate is to reduce the critical pool size above which the
downstream metabolites are anti-correlated. Furthermore, this behaviour is observed whether
the metabolite reactions are irreversible or reversible. Since the transition from correlated to anti-
correlated is so sharp, relatively small changes in the total amount of cycled co-substrate, combined
with noisy influx rates, could lead to the downstream metabolites changing from being correlated to
anti-correlated, or vice-versa.

Appendix 10—figure 2 also further demonstrates the effect of changing E4, 7 and Aot on the time
series of the products M;; and M;, and the co-substrate ratio Ag/A;. For parameters represented
by the black dot in the first row (panels (E) - (H)), the products are correlated when E; < 1, and
become uncorrelated when E; = 10. The system is still responsive to the noise, but with less variation
compared to the other rows because it is limited by the low At For parameters represented by
the grey dot in the first row (panels (I) - (L)), the products switch from correlated to anti-correlated
as E, increases, and remain responsive to the noise. The variation in Ag/A| reduces from left to right
because E, increases. For parameters represented by the white dot in the first row (panels (M) -
(P)), the products remain anti-correlated and responsive to the noise. The variation in Ag/A| reduces
from left to right but is not as pronounced for small E; because Ao is very large.
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Appendix 10—figure 2. Correlation between products of two coupled pathways, using a model with irreversible
reaction rates. (A) - (D) show results for E; = Fq = 0,0.01, 1 and 10, respectively. As in the Figure 5 of the main
text, all other parameters are set to 1, apart from the kout values that are each 0.5. As Ey increases, the products
become anti-correlated at smaller Atot values. This is also true for the model using reversible reaction rates (see
Figure 5 of the main text). (E) - (P) show time series for the products M j and M| > (purple and green respectively)
on the left axis and the ratios Ag/A and kip 2/kin,1 (blue and pink respectively) on the right axis. Panels in the same
column share the same Ej value as the heatmap in the top (e.g. Eq4 = 0 in (E), (I) and (M)). Panels (E) - (H), (1) -
(L) and (M) - (P) have Aot and T given by the black, grey and white dots respectively. See text.
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Appendix 11

Table of parameters

Appendix 11—table 1. List of parameters together with the biological meanings and units.
M and t stand for Molar and time, respectively. Where different notation is used between this and
the main text, the equivalent parameters have been made clear.

Parameter Biological meaning and notes Units

Catalytic rate coefficients for forward and backward reactions
respectively. In the main text we only use the forward rate and

E;, F; denote it Viax E;- M1
Michaelis-Menten coefficients for forward and backward M", where n is the number of
reactions, respectively. In the main text, we only use the forward different substrates involved in
Ki, Li_ rate and denote it Ky g, the reaction.
kin Influx rate. M !
kout Outflow rate. 1
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